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Abstract. We define e-factors in the de Rham setting and calcu- 
late the determinant of the Gaufi-Manin connection for a family of 
(affine) curves and a vector bundle equipped with a flat connection. 
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1. Introduction 

1.1. Let us first recall briefly the format of the classical theory of e- 
factors, which grew out of Tate's thesis and the work of Dwork, Lang- 
lands, Deligne, and Laumon. 

We consider only the case of function fields, so we fix a prime p, a 
finite field k of characteristic p, and look at classical local /c-fields, i.e., 
topological fc-fields isomorphic to k'{{t)) where k' is a finite extension 
of k. For a local field F we denote by uj{F) the 1-dimensional F-vector 
space of differentials; set u^F)^ := uj{F) \ {0}. Galois modules and 
local systems have coefficients in for a prime i ^ p- 

A classical theory of e-factors is a rule which assigns to every pair 
{F,V), F is a local fc-field, V a Galois module for F, a continuous 
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function e{F,V) = e{V) : , v ^ e{V)^, which satisfies 

the following properties: 

(i) Multiplicativity with respect to V : For a short exact sequence 
1/1 V ^ ^2 one has 

(1.1.1) e{F, V), = e{F, Vi),e{F, 

Thus e{F, V)i, makes sense for virtual Galois modules. 

(ii) Induction: Let F' / F be a finite separable extension, V a Galois 
module for F', v e uj{FY G uj{F'Y . Then 

(1.1.2) e{F'y), = e{F,\YidV'), 

if V is a virtual Galois module of rank 0. 

(iii) Product formula: Let X be a smooth projective curve over fc, 
D (Z X a, divisor, V a local system on f/ := X \ D, z/ an invertible 
1-form on U . For x G -D let F^ be the local field at a;, and the 
restrictions of V , u to F^. Then^ 

(LL3) l[6iF,,V,U = l[det{-Fr,,H\U-„V))^-'^'^\ 

xGD i 

It follows from a deep theorem of Laumon [D 3.2 that a theory of e- 
f actors does exist. Namely, for fixed non-trivial character ip : k ^ 
and ^ Qx function e{F,V)^ := q~'''^"'''^'''>^^e40F, Rj,V,u) 
is a theory of e-factors in the above sense. Here qp is the number of 
elements of the residue field kp, vpi^) the valuation oi Op the ring 
of integers in F, and is as in (3.1.5.4).^ 

Remarks, (i) Assume that our (F, V, v) is such that F is unramified 
and vpiy) = 0. Then'^ (here (—1) is the Tate twist) 

(1.1.4) e{F, V), = det(-Frfc,, V{-1)). 

(ii) To determine e one invokes the Gabber-Katz theorem |GKj ac- 
cording to which every Galois module for k{{t)) can be extended to a 
local system on = Spec k[t, t~^] having tame ramification at t = 00. 
Therefore, by the product formula, we know e{V) for arbitrary V if 
the global Frobenius determinants and e{V) for tame V^s happen to 
be known. 

(iii) The r.h.s. in (1.1.3) is the (super) trace of the Frobenius acting 
on the determinant super line of the complex i?r([/g, V^)[l]. 

^Here Frk is the geometric Frobenius for k, fc is an algebraic closure of k. 

^In notation of |D2| one has e{F, V)^ = e{V, ipi,, 1) det(— i^r^^^, V^{~1)) where 
il>^ : F ^ Qi is an additive character / 1— > ipTiKes{fiy), /x^ a Haar measure on F 
self-dual with respect to Vi/, and / C Gal{F/F) the inertia subgroup. 

'^To see this compare (1.1.3) for U and U with one point removed. 
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(iv) For a theory e of ^-factors and a fixed a E the function 
u I— > e{V)ai, is again a theory of ^-factors. So the set E(A;) of theories 
of £-f actors carries a A; ^-action. 

1.2. Unfortunately, the above story, being global-to-local, does not 
tell much about the nature of ^-factors. Therefore one is tempted to 
look for a direct, purely local, construction of ^-factors. If available, 
such construction would make it possible to use the product formula 
to compute the global Probenius determinant. 

A related dream is to have a geometric theory of £-factors. One con- 
siders local fields over an arbitrary (not necessary finite) base field k, 
and we look for a rule S that assigns to every {F, V) as above an in- 
vertible (super) local system £{V) on the A;-(ind-)scheme a;(F)^. The 
compatibilities l.l(i)-(iii) now mean canonical isomorphisms of invert- 
ible super local systems. The classical e is recovered as the "trace of 
Frobenius" function of S.'^ 

1.3. The aim of this article is to present such geometric theory in the 
de Rham setting. So our k is now a field of characteristic 0, and instead 
of etale local systems we consider local systems in the de Rham sense, 
that is vector bundles equipped with flat connections. Recall that 
there is a well-known, yet mysterious, analogy between the phenomena 
of wild ramification (etale setting) and irregularity (de Rham setting). 
The role of local Galois modules is played by de Rham local systems 
V = {V, V) on a formal punctured disc^ Spec F, where F is a /c-algebra 
isomorphic to k'{{t)), k' is a finite extension of k. 

So for every such V we define a super line bundle (its degree is the 
irregularity of V) with fiat connection S{V) on u}{F)^ together with 
data of canonical isomorphisms parallel to 1.1 (i)"(iii). For example, 
the product formula looks as follows. Consider X, U,D,V as in l.l(iv), 
so V now is a local system on U. Let £{Fd, V) be the exterior tensor 
product of E{Fxi Vx) for x & D. Then one has a canonical isomorphism 
of local systems on u;{U)^ 



To be more precise, £{V) should rather be a twisted local system, an object 
of an appropriate "e-gerbe". A choice of trivialization of the £-gerbe identifies 
then £{V) with a plain local system. One can further speculate that in the gerbe 
setting compatibility (1.1.2) holds for arbitrary V', and the reason behind the rank 
condition in (1.1.2) is the absence of a nice trivialization of the e-gerbe. We are 
grateful to M. Kapranov for this suggestion. 

^Notice that the Stokes structure, which is necessary to determine the analytic 
local structure of a connection, does not play any role here. 



(1.3.1) 



i 



u>{U)'< 
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Here the l.h.s. is the restriction of S{Fd,V) to u{U)^ * Yluj{F^)^, 
the r.h.s. is a constant local system. 

Remark. Our e-factors differ from de Rham counterparts of e-factors 
from Lj. For example: 

(i) For our de Rham ^-factors compatibility (1.1.2) holds for arbitrary 
V (regardless of its rank).^ 

(ii) If y is a trivial local system of rank 1 on SpecF then the lo- 
cal system S{V) has a non-trivial ±1 monodromy on the connected 
components of uj{F)^ which consist of u with odd order of zero.^ 

If our datum varies nicely^ with respect to parameters S (this means, 
in particular, that irregularity does not jump) then £{Fs,Vs) form a 
super line bundle £{F/S, V) on uj{F/ S)^ equipped with an S*- relative 
connection. If the vector bundle V on the space of the family carries 
an absolute flat connection extending the S'-relative one, then our S- 
relative connection on S{F/S,V) extends canonically to an absolute 
flat connection, i.e., £{F/S) becomes a local system. The product for- 
mula isomorphism (1.3.1) is compatible with the absolute connections 
(the l.h.s. carries the GauB-Manin one). So (1.3.1) yields a formula 
for the GauB-Manin determinant, once we are able to compute the 
^-connections. 

1.4. The e-line Eiy)^ is defined as follows. Let Ty be the vector field 
Then V(rj,) is a Fredholm operator on the infinite-dimensional 
fc- vector space V Let V = © V~ be any decomposition of the V 
into a sum of Fourier "positive" and "negative" parts. Consider the 
component of V(r,^) acting on V-. Our £{y)i, is the determinant line 
of this Fredholm operator. The auxiliary choice of is irrelevant. 

To see the product formula isomorphism notice that the composition 
r([/, V) ®Vx ©Kr is Fredholm. Now (1.3.1) is the corresponding 
identification of the determinant lines for on r(f/, V) and ®V~ . 



^So in the de Rham setting the hoped-for e-gerbe from ftn. 4 is canonically 
trivialized. 

'''in accordance with the fermionic nature of £. 

^Every variation is nice at the generic point; for more details see 4.4. 
^Its index vanishes and the determinant line is canonically trivialized, see 
e.g. 5.9(a)(iv). 

^'^Precisely, for F ~ k{{t)) this means that for certain F-basis {ci} of V ora 
contains Efc[[i]]ei as a /c-subspace of finite codimension. 

^^The determinant line of a Fredholm operator F : U U does not change if 
U is modified by a finite-dimensional vector space, or the operator is perturbed by 
an operator with finite-dimensional image. 
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The e-connection on SiV) is defined as follows. First, the multiplica- 
tivity of determinant lines with respect to product of operators shows 
that the action of on u!{F)^ lifts to an action on S{V) of a Heisen- 
berg group controlled by det(V^). The connection on det identifies 
the corresponding Heisenberg Lie algebra with the standard one (for 
trivialized V). Finally, every u G uj{F)^ defines on F a non-degenerate 
scalar product which yields a "self- adjoint" splitting of the standard 
Heisenberg Lie algebra; this splitting specifies the horizontal directions 
for the e-connection at u. In fact, for all directions but one (namely, 
along the fibers of the map u i— > Rest/) the e-connection comes from 
the action of the group of infinitesimal automorphisms of F on our 
picture. This provides the absolute e-connection refered to in 1.3. 

The above argument for the product formula is essentially Tate's 
proof ^T2j of the residue formula. Replacing the first order differential 
operator V{tu) by a zero order one you get a proof of Weil's reciprocity 
(cf. |ACKj ) : its infinitesimal version is the residue formula. 

1.5. The idea that e-factors have to do with fermionic determinants 
is due to Laumon: the introduction to Lj opens with a discussion of 
Witten's picture of classical Morse theory as a WKB approximation to 
quantum mechanics of a super particle. This passage was considered 
by some as nezabudki^"^'^^ for Laumon's construction itself stems from 
the mere fact that the Fourier transform of a compactly supported dis- 
tribution / on a line is smooth, and its asymptotics at oo are controlled 
by the singularities of /. 

1.6. The formula for the e-connection looks as follows. We assume 
that S = Specie', K is a field. The group of isomorphism classes 
of line bundles with connection on S equals Q]^^f^/dlog{K^), so our 
formula should determine an element in this group. 

An absolute connection (V, V) on K{(t)) is said to be admissible if it 
admits a lattice Vq = ®K[[t]] C V with respect to which the connection 
has the form (for some m) V = d + A{t) = d + g(t)dt/t^ + r]/t"^~^, 
g e GL„(ir[[t]]), 7] e Matnin]^) ® K[[t]]. When ( V, V) is admissible 
and irregular, we find^"^ that the class of the connection on £t-^dt equals 



(1.6.1) RestTr{9~'dg A r]/t^-') - -rflogdet(^(0)). 

^^Forget-me-nots from a fable "Nezabudki i Zapyatki" of Koz'ma Proutkoff^^ 
beloved by I. M. Gelfand. 

^''A famous writer and philosopher (1803-1863) whose project "On introducing 
unanimity in Russia" determined the Russian Way for the XX-XXI centuries. 

^^See 5.6 for a more precise statement for general v. 
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The corresponding formula for the global GauB-Manin determinant 
was found (in case of admissible singularities and a genus curve) in 
|BE3j : it was the starting point of the present article. 

The Levelt-Turritin theorem helps to reduce (in non-effective way) 
computation of the e-connection for arbitrary V to the rank 1 situation 
(which is always admissible). 

1.7. A list of natural questions: 

(a) How the above picture is related to the rank 1 story of |BE2j ? 



(b) Can e-factors be seen microlocally? What is the relation between 
the de Rham counterpart of Laumon's Fourier approach T] and our 
picture? 

(c) What could be a higher dimensional generalization? 

(d) Is there a de Rham version of Tate's Thesis |Tlj ? More generally, 
what about the automorphic counterpart of the whole story? 

(e) Can one treat families of connections with jumping irregularity? 

1.8. The article is organized as follows. Section 2 reviews the basic 
formalism of determinant lines for families of Fredholm operators in 
the algebraic setting. The ideas here go back to |KMj and |T2j . Much 
of the subject is considered from the analytic point of view in the book 
|PSj (or in the earlier articles DKJMj, |SWj ). but we were not able 
to find a convenient reference for the algebraic situation. Our exposi- 
tion (which makes no pretense to originality) is based on localization 
statements 2.3(ii) and 2.12 borrowed from |Drj .^^ We tried to make 
signs take care of themselves (cf. f ACKj ) using the language of "super 
extensions'';^^ the appendix to sect. 2 (which is a variation on theme of 
SGA 4 XVII 1.4) stores the required general nonsense (for a thorough 
discussion of super subject we refer the reader to |BDMj ). Section 3 
begins with a review of the Heisenberg (super) extension of the group 
ind-scheme k{{t))^ . Its commutator pairing is the parametric version 
of the tame symbol from [Uj. According to |T2j or jACKj . this for- 
mat yields automatically the Weil reciprocity. The Heisenberg group 
approach to the Contou-Carrere symbol is a group-theoretic version of 
Tate's construction of residue |T2j : it was known to specialists for quite 
a time (A.B. learned it from P. Deligne about 10 years ago), but, apart 
from the case of tame symbol proper, seems not to be documented. The 
Heisenberg action controls the dependence of our e-factors on u and is 
responsible for the existence of the e-connection. The key fact here (see 



^^A typical object we meet is a projective i?((t))-inodule of finite rank, and 2.12 
describes it as a topological i?-niodule etale locally on Spec R. 
^^Borrowed from |BD| . 
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3.10) is that on the A;((t))^-torsor of invertible forms k{{t))^dt every 
bundle equivariant with respect to the action of the Heisenberg group 
twisted by a local system on Spec k{{t)) acquires automatically a plain 
flat connection. In the fourth section we define e-factors and study 
their basic properties. The final section deals with explicit calculations 
of e-connections. We explain how Si, depends on u in the general sit- 
uation. Then we treat the case of regular sing ularities (cf. [BET] 1. the 
one of irregular admissible connections (cf. |BE3j ). and show that the 
general computation can be reduced, in principle, to the rank 1 case. 

Acknowledgements: It is a pleasure to thank Takeshi Saito for dis- 
cussions on the analogy of the formula as written in (BE3j with the 
existing formulae for the e-factors of L-functions. We also thank Gerd 
Faltings for explaining to us his own version of a variation of the global 
method of jBE3j . We are most greatful to Vladimir Drinfeld for advice 
and help in understanding the subject. We want to thank the referee 
for a number of corrections and illuminating remarks. 

Since this paper was written, we were informed that a construction 
of e-lines and product formula isomorphism (1.3.1) (but not the e- 
connection) which coincides essentially with 1.4, was given by P. Deligne 
in his unpublished seminar at IHES in May- June 1984. 

The authors were partially supported by, respectively, NSF grants 
DMS-0100108 and DMS-0103765, and DFG-Schwerpunkt "komplexe 
Mannigfaltigkeiten" . 



2. Determinant lines of Fredholm operators 

In this section we establish the basic structure of Fredholm deter- 
minants, working insofar as possible in the category of functors on 
algebras. Of particular importance is the material on Clifford algebras 
in (2.14)-(2.18): it will be used in section 3 to define a /i2-structure 
on a certain determinant line over uj{F)^ which, in turn, leads to a 
connection on the epsilon line. 

We write "P G C" for "P is an object of a category C." 

2.1. Super lines and super extensions. Let P be a commutative 
ring. We denote by the tensor category of super R-modules. So 
an object of M'^ is a Z/2-graded P-module M = M° © The 
tensor product as well as the associativity constraint, is the usual tensor 
product of Z/2-graded modules, and the commutativity constraint is 
a®h = (^—iy('^^p(''^b a where p{a) G Z/2 is the degree (or parity) of 
a, i.e., p{a) = i for a G M\ See e.g. ch.l of |BDMj for details. 
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A super R-line (or simply super line) is an invertible object of M.^. 
Super lines form a Picard groupoid^^ ^^c|j. Explicitly, a super line is a 
pair {jC,p) where £ is an invertible /^-module and p (the parity of our 
super line) is a locally constant function Spec/? Z/2. In notation 
we usually abbreviate {jC,p) to C and write p = p{C); we also write 
® C, C/C := £ (g) The unit object (R, 0) of Pic% is 

denoted by 1r. 

The group of isomorphism classes of super lines 7ro(Pic|j) is Pic{R) x 
Z/2r where Z/2jiis the group of locally constant functions p : Spec R — > 
Z/2. One has 7ri(Pi4) := AutlR = i?^. 

The above picture is functorial with respect to morphisms of rings: 
every f : R ^ R' yields a base change morphism of tensor categories 
/* : Mil -^ij') ^ ^R' ^R ® R', hence a morphism of Picard 

R 

groupoids /* : Vic% Vic^^, . 

Variants: (a) Replacing line bundles in the above definition by 112- 
torsors on Speci? we get the Picard groupoid fj,2-tors1i of super fj,2- 
torsors. So a super /X2-torsor is the same as a super line C equipped 
with an isomorphism cr : C®'^ ^ 1r (we identify (£, a) with the 112- 
torsor of sections I oi C that satisfy a{^t®tj = 1, its parity is the parity 
of £)}^ 

(b) Replacing Z/2 in the above definition by Z we get the Picard 
groupoid Vic^ of Z-graded super lines. So a Z-graded super line is the 
same as a pair {C, v) where £ is a super line and v : Spec i? — > Z is 
a locally constant function such that p{jO.) — v mod 2. As above, we 
usually abbreviate (£, v) to JC; we call v — v{jC) the degree or index of 
the Z-graded super line. 

We will consider T^icfj-extensions (see A2) of various groupoids P and 

refer to them as super -extensions or simply super extensions. Every 
super extension P^ yields a homomorphism P 7ro(Pic|j) (see A2, 
Remark (ii)), hence we have the parity homomorphism p : P — > Z/2i^. 

Notice that ViCji coincides as a monozda/ category^^ with the product 
of VicR and the discrete groupoid Z/2r. By A4, a Pic/^-extension of 
P is the same as a sheaf of central extensions of P by on Spec/?; 
we refer to it as a plain -extension. Thus^° a super C^-extension 



See appendix to this section, Al. 

tensor product in this format is (£, a) (8> {C , a') = (£ <8) C, u • a') where 
{a ■ ct')((^i ® ^i) ® (^2 «> 4)) := cr(£i £3)^7' (fj (g> 4)- 
^^i.e., we forget about the commutativity constraint. 
^•^Use A3 Remark (ii) and A2 Remark (ii). 
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amounts to a plain (9 ^-extension of T together with a homomorphism 
p : r ^ Z/2r. 

If r is a group and we have its super extension F^, then every pair of 
commuting elements 7,7' G F yields {7,7'}^ G (see A5). Looking 
at the corresponding plain extension we get {7,7'}^'"*" g . One has 

(2.1.1) {7, 7'}^ = (-1)p(t)p(V)|^^ yj?^i»n_ 

We leave it to the reader to define the notion of super -extension 
of a group valued functor on the category of commutative i?-algebras. 

Below we refer to Pic^-torsors (see A6) as (neutral) super O^-gerbes 
or simply super gerbes on Spec R.^^ As always, a trivialization of a super 
gerbe is its identification with Vic^^. We also have the notion of super 
pre-gerbe = pre Pic|j-torsor (see Remark in A6). 

Replacing in Vic'^ by Vic^ or fi2-tors^ we get the notions of Z- graded 
super (!) ^-extension, resp. super yU,2-extension. Same for Z-graded su- 
per O^-gerbes, super //2-gerbes, etc. 

2.2. Determinant lines. We denote by Vr the category of projective 
i?-modules; V]j C Vr is the subcategory of modules of finite rank. 

For M G V]j let det M = detn M G Vic^ be the top exterior power 
of M placed in degree rkM. This Z-graded super hne is functorial 
with respect to isomorphisms of M's, so for / : — > M we have 
det / : det AT ^ det M or det f : 1r ^ det M/ det N. 

The following standard compatibilities hold: 

(i) For every finite family {Ma} there is a canonical isomorphism 

(2.2.1) det(©M„) = ®detM„. 

Recall that it is this compatibility that forces us to consider det M 
as a super line. 

(ii) For M equipped with a finite filtration with projective subquo- 
tients, there is a canonical isomorphism 

(2.2.2) detM = det(grM). 

(iii) There is a canonical isomorphism of super lines 

(2.2.3) det(M*) = (detM)-\ 



We skip the word neutral since the subject of this article is i?-local, so we can 
assume that all gerbes are neutral. 
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where M* := Hom(M, i?) is the dual module, defined by a pairing 
Cm '■ det M ■ det M* — * R such that for a base^^ mi, .., m„ of M and the 
dual base ml, .., m* of M* one has e((mi A .. Am„) ■ (m* A .. Am*)) = 1. 

Notice that (2.2.3) changes the Z-grading to the opposite one, and 
one has cm* = (see Al for the notation). 

The following two useful facts about projective modules of infinite 
rank are due, respectively, to Kaplansky and Drinfeld: 

2.3. Proposition, (i) If i? is a local ring then every projective R- 
module is free. 

(ii) Let M be a projective i?-module and K G M a finitely generated 
submodule. Then Zariski locally on Spec R one can find a finitely 
generated submodule P G M which contains K such that M/P is 
projective. 

Proof, (i) See jE]. 

(ii) See |Drj 4.2; we reproduce the proof for completeness sake. Take 
any x G Spec R; let R(^x) be the corresponding local ring. Then M(^x) '■ = 
(g) M is a free i?(a;)-module by (i). So there is an embedding '■ 
R^^^ ^ M(j.) with projective cokernel whose image contains C 
M(a;). Replacing Speci? by an open affine neighbourhood of x we can 
assume that ^(j.) comes from i : i?" —>■ M whose image contains K, 
and then that i is an embedding with a projective cokernel (to see 
this represent M as a direct summand of a free module to reduce the 
statement first to the case when M is free, then to the case when M is 
free of finite rank) . □ 

Remark. If i? is a Noetherian ring such that Speci? is connected 
then, according to |Baj . every projective i?-module of infinite rank is 
free. We will not use this fact. 

2.4. Asymptotic morphisms and Predholm morphisms. For pro- 
jective modules M,N gVr let Hom^(A^, M) C RomR{N, M) be the 
i?-submodule of morphisms whose image lies in a finitely generated 
-R-submodule of M. Set 

(2.4.1) Hom^(Ar, M) := Hom^,(Ar, M)/Homfj(Ar, M). 

Elements of Hom°° are asymptotic morphisms; for f : N ^ M the cor- 
responding asymptotic morphism is denoted by /°°. The composition 
of asymptotic morphisms is well-defined.^^ So we have an /^-category 
of projective -R-modules and asymptotic morphisms together with 

^^We consider our picture locally on Speci?. 

^"'The composition of a morphism from Hom^ with any morphism lies in Hom^ . 
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the obvious functor — > which is the identity on objects. Notice 
that M eVr lies in Vl if and only if id^ = 0. 

A morphism / is said to be Fredholm if f°° is invertible. Denote 
by V^'^ the category of projective modules and Fredholm morphisms. 
Let V^, be groupoids of invertible morphisms in Vr, V^. Thus 

C V^'' and the morphism of groupoids — >■ extends to the 
functor Vf 

Any base change of a Fredholm morphism / is Fredholm. So for 
every geometric point x of Speci? we have a Fredholm operator : 
—>■ Mj,.^^ Denote by i{f)x = i{fx) its index, i{f)x '■= dim Coker/^. — 
dimKer/3.. The index depends only on the corresponding asymptotic 
morphism, so we write i{f)x — i{f°°)x- 

2.5. Lemma. For a morphism f : N ^ M oi projective modules the 
following conditions are equivalent: 

(i) / is Fredholm, 

(ii) Coker/ is finitely generated, for every geometric point x of Spec R 
the corresponding operator fx '■ Nx ^ Mx is Fredholm, and the func- 
tion i{f) : X I— > i{fx) on Speci? is locally constant. 

(iii) / can be written as composition 

(2.5.1) N^N®qMm®P^M 

where P,Qg V^, i is the embedding, p the projection, and / is an 
isomorphism. 

Proof. It is clear that (iii) implies (i) and (ii). 

(i)^(ii): Since f°° admits a right inverse Coker/ is finitely generated. 
So there exists Q E and a morphism a : Q ^ M such that tt := 
{f,a):N®Q^Mis surjective. Then P := KerTr e V, and (i) 
assures that it has finite rank. Since i{f) — rk{Q) — rk{P), it is a 
locally constant function. 

(i) =^(iii): Define a, Q, P as above. A splitting of vr yields a projector 
/3 : N®Q^ P. Then /:= (/, a; /5) : iV©Q ^ M©P defines (2.5.1). 

(ii) =^(in): We define / as above. Our P is projective, so it remains 
to check that the conditions of (ii) imply that it is finitely generated. 
We know that every fiber Px is of finite dimension, and this dimension 
is locally constant with respect to x. Take any x G Spec R; we want to 
find a Zariski open x E U C Spec R such that P\u is finitely generated. 
By 2.3(ii) we can find U such that P\^ can l)c written as P' © P" 
where P' is finitely generated and = Px, i.e., Py — 0. Shrinking U 

^^Here the Aix-vector space :=kx® M is the fiber of M at x. 
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if necessary to assure that dim is constant on U, we see that Py = 
for every y E U. By 2.3(i) one has P" — 0. □ 

Remarks, (a) As follows from 2.5(ii), Fredholm morphisms have local 
nature with respect to the flat topology. 

(b) If / C -R is a nilpotent ideal then / is Predholm if and only if 
fR/i : N/IN M/IM is Fredholm (use 2.5(ii)). 

(c) If R is Noetherian then the last condition in 2.5(ii) is superfluous. 
Indeed, the proof of (ii)=^(iii) proceeds as above, but we just notice that 
P^' = implies, after shrinking U if necessary, that Py — for every 
generic point of U. So P" = by 2.3(i). 

2.6. Relative determinant lines. Of course, there is no way to as- 
sign a determinant line to a projective module of inflnite rank. However 
if one has two such modules M, A^" and an asymptotic isomorphism f°° 
between them then one can use /°° to mutually cancel inflnities in 
det Af , dct so that the ratio dct M / det N (the relative determinant 
line) is well-deflned. Let us explain this Dostoevskian ansatz^^'^^ in 
more details. 

Here is a list of data we look for: 

(i) A Z-graded super extension of the groupoid . Thus for 
every triple {M,N,f°°), where M,N e Vr, f°° is an invertible as- 
ymptotic morphism — > M, we want to have a Z-graded super line 
det(M, A^, /°°) (the relative determinant line), together with data of 
composition isomorphisms 

(2.6.1) c : det(L, M, g°°) ■ det(M, N, f°°) ^ det(L, N, g°° f^) 

satisfying the obvious associativity property. 

(ii) A splitting of the pull-hack of Vr^ to . This means that for 
every isomorphism / : A^ ^ M in V we have a canonical trivialization 

(2.6.2) det/:l^^det(M,Ar,/~) 

compatible with composition of /'s (via (2.6.1)). 

(iii) Compatibility with sums. For every (Mi, A"i, /{^), {M2, N2, f^) 
we have a canonical isomorphism det (Mi © M2, Ni(B N2, © f^) = 
det(Mi, A'l, /{^)-det(M2, A^2, /2°) compatible with the associativity and 



Let a reptile gobble up another of its kind," a comment of a hero of "The 
brothers Karamazov" on his father and the elder brother. 

•^''One may prefer to think of two sumo wrestlers, each of infinite girth, locked in 
a Predholm grip, with the match determined by a mere finite inbalance of forces. 
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commutativity constraints. It is nicer to write it then as a canonical 
identification of Z-graded super lines 

(2.6.3) det(©M«,©7V„,©/~) = ®det(M«,iV„,/^) 

defined for any finite family {(M^, Na, f^)}- We want it to be com- 
patible with the canonical isomorphisms from (i), (ii). 

(iv) Compatibility with finite determinants. For every M, N E 
there is a canonical identification^^ 

(2.6.4) det(M, N) = det M/ det N 

such that (2.6.1)-(2.6.3) become the usual compatibilities from 2.2. 

(v) Base change. Our structure should be compatible with the base 
change in the obvious manner. 

Notice that (iv) and (ii) imply that the degree of the super line 
det(M, N, /°°) is the index i(/~) (see 2.4). 

2.7. Proposition. Such a structure exists and is unique (up to a 
unique isomorphism). 

Proof. Here is an explicit construction. We will not use the uniqueness 
statement, so its proof is left to the reader. 

Let us construct the determinant line det{M, N, f°°). Assume for a 
moment that M satisfies the following assumption, which is fulfilled, 
e.g., if M is a free i?-module: 

(*) For every finitely generated i?-submodule T C M there exists 
a finitely generated i?-submodule P C M with M/P projective such 
that T C P. 

Let f : N ^ M he any lifting of f°°. Since Coker/ is finitely 
generated (see 2.5.(ii)), we can choose P C M as in (*) such that 
P + f{N) = M. Set Q := f-\P). Then P,Q e VK 

Lemma-definition. The Z-graded super lines det P/ det Q for all 

choices of /, P are canonically identified, so they can be considered as 
a single super line. This is our dct(Af, A^, f°°). 

Proof of Lemma. We fix / for a moment. Let P' be another submod- 
ule as above, Q' := f~^{P'). Let us define the canonical identification 
(p = (ppp> : det P/ det Q ^ det P'/ det Q'. 

If P' D P then P'/P e and / yields an isomorphism / : Q'/Q ^ 
P'/ P. Our (j) is the image of det / by the canonical identification 
det(P7P)/det(g7g) = (detP7detg')/(detP/detg) (see (2.2.2)). 

^'''We omitted f°° in the l.h.s. of (2.6.4) for it bears no information: in the present 
situation one has Hom°°(iV,M) = Isom°° (iV,M) = 0. 
^^Hint: use 2.9. 
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If P' is arbitrary then we can choose P" as in (*) such that P" D 
P + P', and set (pppi :— (j)p}p„(f)pp". One checks in a moment that this 
definition docs not depend on the choice of P" and (j) so defined satisfy 
the transitivity property. Thus all super lines for fixed lifting / of f°° 
are canonically identified. 

Now let /' be another hfting of /°°. Choose P as in (*) so that 
P + f(N) = M and P D (/ - f')lN). Then P + f'{N) = M and 
/~^(P) = / ^^(P). So the super lines for / and /' computed by means 
of such P are simply equal. If we change P the identifications (f) for / 
and /' are also equal. These identifications of super lines are transitive 
with respect to /. We are done. □ 

In order to eliminate condition (*) notice that super lines are local 
objects, so it suffices to define det locally on Spec R. Now one can use 
2.3(ii) instead of (*). 

Remark. One can also reduce the general situation to the situation 
of (*) directly using the following trick: Choose M' G V such that 
M © M' is free (and so satisfies (*)); then det(M, A^, /°°) = det(M © 
M',N®N',f'^®id'^,). 

The canonical isomorphisms (2.6.1)~(2.6.3) are defined as follows. 
We use condition (*) at will; in truth, one should work locally on 
SpecP and use 2.3(ii). 

To define the composition isomorphism c of (2.6.1) we choose some 
liftings /, g and compute the determinant lines by means of finitely 
generated S d L such that L/ S is projective and S + gf{N) = L and 
P g-\S), Q := igf)-\S) = f~\P). Our c is the standard isomor- 
phism (det 5*/ det P) • (det P/ det Q) ^ det S/ det Q. The independence 
of choices is immediate. 

To define det / of (2.6.2) one computes det(M, A'", /°°) using / and 
P = 0. 

To define (2.6.3) you compute the r.h.s. using some and P^ and 
then compute the l.h.s. using / = Q)fa and ©Pq,; then use (2.2.1). 

2.6(iv), 2.6(v) are inherent in the construction. The mutual compat- 
ibilities of the above canonical isomorphisms are obvious. □ 

2.8. Remark. There is a more general construction (which is not needed 
in this article) that assigns a determinant line to every pair (M',(i°°) 
where M' is a finitely Z-graded projective module and d°° is a differ- 
ential of degree 1 on M°° such that (M', d°°) is a homotopically trivial 
complex. The construction above corresponds to M' supported in de- 
grees 0,-1. 
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2.9. Compatibility with filtrations. Let M, N be projective mod- 
ules equipped with finite (increasing) filtrations M., N. such that the 
associated graded modules grM, grA^ are projective (i.e., the filtrations 
can be split). Let /°° : ^ M be an asymptotic morphism compat- 
ible with filtrations such that gr/°° : griV — > grM is invertible. Then 
f°° is also invertible. 

Lemma. There is a canonical isomorphism 

(2.9.1) det(M, TV, D = det(grM, grTV, gr/-) 

compatible with base change and such that (2.9.1) is the identity map 
provided that our filtered picture came from a graded one. Such data 
of isomorphisms is unique. 

Proof. Here is a construction of (2.9.1) that makes use of general 
functoriality from 2.6 only. 

Consider the Rees it![i]-module M"^ :— ^M^f. This is a projective 
i?[t]-modulc equivariant with respect to homotheties of t whose fibers 
at t = 1 and t = are, respectively, M and grM. Similarly, we have A^^ 
and an invertible asymptotic -morphism f°°^ : — > M^. The cor- 
responding super 7?[t]-line D := det(M'^, N'^, f°°^) is equivariant with 
respect to homotheties of t (by base change), i.e., D is a graded R[t]- 
module. Its fibers at t = 1 and t = are, respectively, det{M, N, f°°) 
and det(grM, griV, gr/°°). The fiber at has degree i = i(gr/°°) — 
i(f°°) with respect to the action of homotheties. Let be i^^ compo- 
nent of D. This is a super i?-line, and D — R[t] ®r D^. The restriction 
to t = 1, identifies D' with det(M, A^, f°°) and det(grM, grA^, gr/°°). 
The composition of these identifications is (2.9.1). 

The properties mentioned in the statement of Lemma, as well as the 
uniqueness, are immediate. □ 

Remarks, (i) Here is another, direct, construction of (2.9.1). Let 
us construct det(M, A^, /°°) as in the proof of 2.7 by means of some / 

and P C M. Choose / compatible with filtrations and P such that 
grP CgrM is such that grM/grP is projective and grP + gr(/)(grA^) = 
grM; then use (2.2.2) to define (2.9.1). The independence of auxiliary 
choices is immediate, as well as properties mentioned in the statement 
of Lemma. 

(ii) Isomorphisms (2.9.1) are compatible with (2.6.1) and (2.6.2); if 
M, A^ are of finite rank then (2.6.4) reduces them to (2.2.2). 

2.10. The Tate extension. Below wc will consider set- valued func- 
tors on the category of commutative P-algebras which commute with fi- 
nite inverse limits. The "category" of such functors (called "R-spaces") 
is denoted by Sr] it is closed under finite inverse limits. For an 



16 ALEXANDER BEILINSON, SPENCER BLOCK, AND HELENE ESNAULT 



i?-algebra B the corresponding representable functor is denoted by 
Specs e Sr. We have a ring object O = Speci?[t] e Sr, 0{R') = i?', 
so one can consider O-modules, C-algebras in Sr, etc. For X & Sr 
and an i?-flat commutative i?-algebra 5, Speci? =: we have an 
i?-space HomiY^X), HomCY, X)(R') := X{R'®B). For B = R[h]/h^ 

R 

we get the tangent bundle Qx of X. Since R[h]/h? is naturally an R- 
module in the category of commutative i?-algebras A equipped with a 
morphism >1 — > i?, the tangent bundle is an C-module over X, so for 
any x G X[R) the tangent space Qx,x {'■= the fiber of Qx at x) is an 
C-module in Sr. For a group i?-space G its tangent space at 1 e G{R) 
is denoted by LieG; this is a Lie O-algebra in Sr.^^ 

Every projective i?-module M defines an O-module in Sr which we 
denote also by M, MiR') := Mr> := M ® R' . For M,N e Vr we 

R 

have O-modules Hom(Ar, M), Hom°°(Ar, M) in Sr, Hom(A^, M){R') := 
Hom^,(Ar^,, Mr,), Hom(iV, M)^{R') := Eom'g, {Nr, , Mr,). So for M e 
Vr we have the corresponding (9-algcbras of cndomorphisms and the 
groups of invertible cndomorphisms GL(M), GL°°(M) = GL(M°°). 
There is a canonical homomorphism GL(M) — > GL(M°°); denote by 
GV{M) its kernel. 

By 2.6(v) the Z-graded super extensions Aut^;''(Mj:j/) form the Tate 
super C»^-extension GL^(M°°) of GL(M°°). For e GL(M°°)(i?') 
we denote the corresponding Z-graded super line in GL^(M°°)(i?') by 
det{M°°,g^) or simply A^oo. 

Here is a list of basic properties of the Tate super extension: 

(i) According to Remark (iii) in A3, the Tate extension depends 
functorially on M considered as an object ofV^^, i.e., every asymptotic 
isomorphism /°° : N ^ M yields a canonical identification of Z-graded 
super extensions 

(2.10.1) Ad^oo : Gh\N^) ^ GL^(M°°). 

To write it down explicitly, consider V^** as a plain (9 ^-extension of 
(see 2.1) and choose (locally on Speci?) a generator / of the 

^'^Scc SGA3 t.l cxp.II, pp. 26-27. Here is a sketch of an argument: (a) Check 
that the addition law on LieG comes from the product on G. (b) To de- 
fine the Lie bracket of a, (5 e (LieG)(i?) consider them as elements of, respec- 
tively, G{R[s\/ s'^),G{R[t\/t^) C G'(i?[s,i]/(s2,t2). then the commutator := 
a/3a-i/3-i belongs to G{R[h]/h'^) C G{R[s,t\/ {s^ ,t^)) where h := st; this is [a,/3]. 
(c) The Lie bracket is obviously skew-symmetric. To see Jacobi consider a, /3, 7 € 
(LieG)(i?) as elements of, respectively, G{R[s]/s'^),G{R[t]/t^),G{R[u]/u'^) c 
G{R[s,t,u]/{s^,t^,u'^)). Then [a, [/3,7]] corresponds to {a,{f3,j)) € G{R[v]/v^) 
where v := stu, and Jacobi follows since (a, /3) commutes with (a, 7), a, /?. 
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line det(M,iV,/°°). Now for e GL{N°°) the map Ad)oo : A^oc 
AAd/oo(g°°) is the adjoint action of / (in our plain C^-extension) multi- 
plied by (— where p is parity (i.e., the index mod 2). 

In particular, the adjoint action of GL{M°°) lifts canonically to an 
action of GL(M°°) on the Tate extension GL^(M~). 

Remark. The groupoid V°°^ (as opposed to V^) does not satisfy the 
flat descent property (see |Drj for a discussion of this subject). One can 
sheafify it formally, and the above property assures that automorphism 
groups of objects of this stack have a canonical super (9 ^-extension. 

(ii) The map GL(M) GL(M~), g ^ g°°, lifts canonically to a 
homomorphism 

(2.10.2) GL{M) ^ GL\M°°), g ^ det{M, g) e det{M°° , g°°). 

Namely, for g e GL(M) one has det(M~,5(°°) = det{M, M, g"^), and 
det(M,^) is det g from (2.6.2). 

Exercises, (a) Show that the restriction of (2.10.2) to the subgroup 
GV{M) is the usual determinant det : GLf(M) C . 

(b) Assume that f°°, g°° G Aut°°(M) commute and /~ can be lifted 
to / G Aut(M). Then / acts by functoriality on the determinant line 
det(M, M, g°°). Show that this action is multiplication by {/°°, g°°Y ."^^ 

(iii) For a finite collection {M^} the restriction of G\}{®M^) to the 
subgroup nGL(M^) C GL(©M^) identifies canonically with the Baer 
product of the Tate super extensions Gl}{M'^) (see 2. 6 (iii)). In other 
words, for every a the embedding GL(M^) ^ G1j{®M^) lifts canon- 
ically to an embedding of super extensions Gl}{M^) ^ G\}{®M^), 
and for different a's the images of these embeddings commute. 

Remark. This property is no longer true if we consider our super 
extensions as plain O^-extensions (see 2.1). 

(iv) Assume that an object M°° G has filtration which admits a 
splitting; let B C GL(M°°) be the subgroup preserving this filtration. 
Then the restriction of GL^(M°°) to B is canonically isomorphic to 
the pull-back of GL^(grM°°) by the map B GL(grM°°) by 2.9. 

Consider the Lie algebras 0((M), ^[^(M), 0[(M~), 0[^(M~) of our 
groups GL(M), etc. The first three of them are just the corresponding 
algebras of endomorphisms considered as Lie algebras, so g[(M°°) = 
0[(M)/g[f(M), and qI\M^) is a central extension of 0[(M°°) by O. By 
(ii) the projection gl(M) — > q[{M°°) lifts canonically to a morphism of 

""'See A5 for notation. 

^M.e., for 7 G GL^(M^), 7' e GL^(M^), a ^ a', one has {7,7'}^ = 1, see A5. 
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Lie algebras qI{M) Qi^M^); on gi^M) this morph ism is the trace 
map tr : qI\M) O.^^ Therefore one has: 

(v) 0[''(M°°) is the push-forward of the extension Qi^{M) 
qI{M) qI{M°°) — > by the ad-invariant morphism tr. 

(vi) Since qI^M"^) is a central extension of gl(M°°) we can rewrite 
its bracket as a pairing [,f : qI{M°^) x g[(Af°^) gl\M^). It satisfies 
the cyclic identity: for every a,b,c E gl(M°°) one has 

(2.10.3) [ab, of + [ca, bf + [be, af = 0. 

Here ab is the product of a, b as endomorphisms of M°°.^^ 

2.11. The topological setting: Tate i?-modules. An unpleasant 
feature of the above formalism is the absence of duality: the dual of 
a projective module of an infinite rank is not there. A way to recover 
the duality is to consider the setting of Tate modules. 

If i? is a commutative ring then a topological R-module is an R- 
module equipped with a topology^^ which has a base formed by R- 
submodules; we always assume that the topology is complete and sep- 
arated. Topological i?-modules form an additive i?-category. A mor- 
phism i? — > i?' defines an obvious functor from the category of topolog- 
ical i?'-modules to that of it!-modules; its left adjoint is the base change 
functor Fr ^ Fr> -.^ Fr^R!. 

R 

We can consider every plain i?-module Nr as a topological module 
with discrete topology. If Mr is a projective i?-module then its dual 
= HomR(MR, R) equipped with the weak topology (formed by 
annihilators of finite subsets in Mr) is a topological i?-module. The 
canonical map Mr (M^)* := Hom''''"*(MJ^, i?) is an isomorphism, 
and the functor Mr i-^ M^ is fully faithful. For every R ^ R' one has 
M*R, = {M*^)r''' 

Remark. For any Nr, Mr as above the image of every continuous 
morphism — > Nr is a finitely generated it!-module.^^ 

We call a projective i?-module considered as discrete topological R- 
module a discrete Tate i?-module. The corresponding duals are called 
compact Tate i?-modules. A topological i?-module Fr is special Tate 

"^^Indcccl, tr is tangent to det from Exercise (a) above. 

^^Lift a, 6, c to a, b,c € fl[(M). By (v), it suffices to show that [ab, c] + [ca, b] + 
[be, a] = 0. This is immediate. 

^^The topolo gics we consider are always compatible with the additive structure; 
"base" means "base of neighbourhoods of 0." 

^^To see this represent Mr as a direct summand of a free i?-module. 

^^To see this notice that we can assume that Mr is a free i?-module. 
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-R-module if it can be represented as the direct sum of a discrete and 
a compact Tate i?-modules. Following Drinfeld |Drj . we define a Tate 
i?-module as a topological i?-module which is a direct summand of a 
special Tate -R-module. Notice that a direct summand of a compact 
Tate module is a compact Tate module; same is true for discrete Tate 
modules. The base change sends Tate modules to Tate modules. All 
base changes of a given Tate i?-module considered simultaneously (see 
2.10) form a Tate O -module in Sr. 

Examples, (i) R{it)) equipped with topology with base n > 

0, is a special Tate i?-module. 

(ii) Let F be a finitely generated projective i?((t))-module. Then F 
carries a canonical topology whose base is formed by i?[[t]]-submodules 
of F which generate F as an i?((t))-module. F is a Tate i?-module. 

(iii) Let be a commutative ring and R C k[x] the subalgebra of 
polynomials / = /(x) such that /(I) = /(O). Let C k[x]{(t)) be 
the -R-submodule of elements g = g{x,t) such that g{l,t) = tg{0,t) G 
k{(t)). It carries a topology with base F fl t"'k[x]{(t)), n > 0. Then 
F is a Tate i?-module which is not special. Moreover, it is not special 
Zariski locally on Spec R. 

The following result is due to Drinfeld jPrj 8.1, 4.1: 

2.12. Proposition, (i) Let M be a projective i?-module. Then every 
asymptotic projector 7i°° G End^(M), {n°°)^ = 7r°°, can be lifted to a 
true projector vr G End/jM etale locally on Spec R. 

(ii) Every Tate i?-module is special etale locally on Spec R. 

Remark. The proof actually shows that the statements hold Nis- 
nevich locally. 

Proof, (i) Choose any lifting of 7i°° to End/jM. Let us consider M as 
an i? [if:] -module where t acts on M by this lifting. We will find (after an 
appropriate localization of R) a polynomial p = p{t) G R[t] such that 
(a) p{p — 1) kills M, and (b) p{0) = 0, p{l) = 1. Let vr be the action of 
p on M. This is a projector by (a) which lifts 7?°° because of (b).^'' 

Choose a finitely generated i?-submodule L G M which contains 
t{t - 1)(M). There is a monic f{t) G R[t] which kills L, so t{t - l)f{t) 
kills M. Localizing Spec R with respect to etale^^ topology we can 
assume that f{t) = g{t)h{t) where g{l) and h{Q) are invertible, and 
g{t),h{t) generate the unit ideal. Then M is supported on the union 
of non-intersecting subschemes tg{t) = and (t — l)h{t) = 0. Our p{t) 

^''indeed, (b) means that p{t) — t is divisible by t{t — 1), so the corresponding 
asymptotic endomorphism of M vanishes (since the one for t{t — 1) does). 
'^^In fact, Nisnevich 
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is any polynomial which vanishes on the first subscheme and equals to 
1 on the second one. 

(ii) Let F be a Tate i?-module. Choose a special Tate i?-module G 
such that F is a direct summand of G. We will find, after an appropri- 
ate localization of R, an open submodule L G G such that (a) L is a 
compact Tate module, and (b) P := F/FflL is a projective i?-module. 
Then F is a special Tate module. Indeed, a section 7 : P — > F yields 
F — s> P © F n L. Now F n L is a direct summand of L,^^ hence it is a 
compact Tate module. 

Let n e EndG be a projector such that Il{G) = F, and G = M®N* 
be any decomposition of G into a sum of a discrete and compact Tate 

modules. Let be the composition M =— > G ^ G -» M. Then 0°° is an 
asymptotic projector (see Remark in 2.11). By (i), after an appropriate 
localization of Spec R, one can find a projector tt G Endj^M such that 
0OO _ ^00^ rjj^g images of the composition A^* ^ G G ^ M and 
of TT — are contained in a finitly generated submodule K G M (see 
Remark in 2.11). By 2.3(ii) applied to the images of K in Kervr and 
in Imvr one can find finitely generated P-submodules L' C Kervr and 
L" C Imvr such that Kervr/L' and Imvr/L" are projective P-modules. 
Set L := N* ® L' ® L" C G. Since L', L" are projective L satisfies (a) 
above; since F/F (1 L = Imvr/L" it satisfies (b). We are done. □ 

All constructions of this article are local with respect to the flat 
topology of Spec R, so we will often tacitly assume that the Tate mod- 
ules we deal with are special. 

Remark. According to [Drj8.3, Tate P-modules, as opposed to spe- 
cial Tate P-modules, satisfy the fiat descent property. 

2.13. Duality, lattices, and the Tate extension. Let F be a Tate 
P-module. We say that an P-submodule L C F is bounded if for 
every discrete P-module P and a continuous morphism F ^ P the 
image of L in A^ is contained in a finitely generated P-submodule of 
P. If F is realized as a direct summand in a special Tate module 
G = M ® N* , M, N e Vr, then L is bounded if and only if the image 
of L in M = G/N* is contained in a finitely generated P- submodule.^" 
Notice that bounded open submodules of F form a base of the topology 
of F. 

For a Tate P- module F its dual F* is Hom^"*(F, P) equipped with a 
topology whose base is formed by orthogonal complements to bounded 

^^A projector 11 : G ^ F yields a projector L -» FnL, £ ^ Il{£) -^(n{e)inodL) . 
^'^This follows from Remark in 2.11. 
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i?-submodules of F. Then F* is again Tate module, and the canonical 
morphism F — > (F*)* is an isomorphism. To see this notice that duality 
commutes with (finite) direct sums, and for a special Tate module 
F = M Q) N*, M,N e Vr, one has F* = N Q) M*. So the duality 
functor is an anti-equivalence of the category of Tate /^-modules. It 
commutes with the base change. 

For a Tate i?- module F a c-lattice in F is an open i?-sub module 
L G F which satisfies either of the following conditions (to check their 
equivalence is an exercise for the reader): 

(i) L is a compact Tate module and the projection F ^ F/L admits 
an i?-linear section, 

(ii) L is a bounded submodule of F such that F/L is a projective 
i?-module. 

Of course, a c-lattice exists if and only if F is a special Tate module. 
A d-lattice in F is an i?-submodule M <Z F complementary to some 
c-lattice. 

Remarks, (i) c-lattices need not form a base of the topology of F. 
However, by 2.12(ii) and 2.3(n), they form a base Nisnevich locally. 

(ii) If L D L' are c-lattices then L/V e V|j. 

(iii) Every d-lattice is a projective it!-module. If M D M' are d- 
lattices then M/M' e V]j. 

Let L, L' be c-lattices in a special Tate module F. Every splitting 
F/L "-^ F yields a morphism F/L F/V. The corresponding as- 
ymptotic morphism (see 2.4) is an isomorphism that does not depend 
on the choice of splitting. Therefore the objects (F/L)°° e V^, L is 
any c-lattice in F, are canonically identified. They form a canonically 
defined object of the category which we denote by F°°. Our F°° 
depends on F in a functorial way. This construction is compatible with 
the base change. 

For L, L' as above set 

(2.13.1) det(L : L') := det(F/L', F/L, idpoo). 

One has canonical composition isomorphisms of Z-graded super lines 
det(L : L') ■ det(L' : L") ^ det(L : L"), so we have defined a super pre- 
gerbe structure on the set of c-lattices. The corresponding Z-graded 
super gerbe is called the gerhe of c-lattices. 

For every L D L' there is a canonical identification i : det(L : L') 
det{L/L') such that for L D L' D L" the composition becomes the 
standard isomorphism det(L/L') • det(L7L") ^ det(L/L"). 
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Remark. A super pre-gerbe structure on the set of c-lattices together 
with identifications l and compaitibihty with base change is unique up 
to a unique isomorphism (use Remark (i) above). 

Consider the semigroup of endomorphisms g of F such that g°° is in- 
vertible. Pulhng back the Tate super extension by the homomorphism 
g g°° to Aut(F°°) one gets a super extension of our semigroup. In 
particular, we have a super extension Aut''(F) of Aut(F). 

Notice that if L is a c-lattice such that L + g{F) — F then 

(2.13.2) Xg := Xgoo = det(L : g~\L)). 

If 51 e Aut(F) then any L will do, and, acting by g on the r.h.s., we 
get a canonical isomorphism — det{g{L) : L). 

Remark. The group Aut(F) acts on the set of c-lattices and on the 
datum of super lines det(L : L'), hence on the gcrbc of c-lattices. The 
above formula means that Aut^(F) is the super extension defined by 
this action, see A6. 

If F is an arbitrary Tate ii!-module then the object F°° is well- 
defined only after certain etale (or Nisnevich) locahzation of Speci? 
(see 2.12(ii)). Since super lines have etale local nature this suffices 
to define the Tate super extension of the above semigroup hence of 
Aut(F). 

This construction is compatible with base change, so we have a group 

object GL(F) of Sb., GL{F){R') := Aut(FR/), and its Tate super ex- 
tension GL^(F). Let 0l(F) be the Lie algebra of GL(F), so Qi{F){R') 
is the Lie algebra of endomorphisms of the Tate i?'-modulc Fr/] the 
Lie algebra gl''(-F) of GL^(F) is a central extension of qI{F) by O. 

Let L,M G F be, respectively, a c- and a d-lattice in a (special) Tate 
module F. Denote by GL(F,L), GL(F, M) c GL(F) the parabolic 
subgroups of transformations preserving L,M. One has the standard 
splittings 

(2.13.3) si : GL(F, L) ^ GL^(F), : GL(F, M) GL\F), 

defined as sl{g) := det{F/L,g), sf^ig') := det{M,g'), see (2.10.2). If 
L®M ^F then sl{g) = s%{g) for g e GL(F, L) n GL(F, M). 

The central extension Q^{F) can be described as follows. Set q\c.{F) : = 
Ker(g[(F) gl(F°°)) and let gl^(F) C gl(F) be the submodule of 
endomorphisms with open kernel. Both q[^[F) , q[^[F) are ideals in 
0l(F),^^ and their sum equals 0l(F). Set q{\F) q{^{F) n 0trf(F). 
There is a canonical Ad-invariant trace functional tr : Qi\F) — > O. 

^^Moreover, they are stable with respect to the adjoint action of GL(F). 
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Namely, to compute tr{a) for a G qI\F) you find (after possible Zariski 
localization of R) c-lattices L C L' such that a{L) — and a{F) C L'; 
then tr{a) is the trace of the induced endomorphism of L'/L. 

One has 0[(F°°) = gi{F)/gi^{F) = gl^iF) / gi^F) . As follows from 
2.10(v), the central extension gl^{F°°) is the push-out of — gi^F) 
gla{F) gl{F°°) ^ by tr. Our gl\F) is the pull-back of by 
the projection g[{F) 

Here is a c-d-symmetric description. As follows from the above con- 
struction, gi^{F) admits canonical ad-invariant splittings Sc, over the 
ideals gl^.{F) , gl^{F) C gl{F) such that on gl\F) one has — Sc = tr. 
This structure determines gt'iF) uniquely. 

One has a canonical bijection L >—>■ between the sets of c-lattices 
in F and its dual F*. There is a canonical isomorphism of super lines 

(2.13.4) det(L : L') ^ det(L^ : L'^) 

compatible with composition, i.e., the pre-gerbes of c-lattices in F and 
F* are canonically identified. To define (2.13.4) it suffices, by Remark 
after (2.13.1), to consider the case L D L'. Here l.h.s. is det(L/L'), 
r.h.s. is inverse to det((L/L')*), and (2.13.4) is (2.2.3) for M = {L/L')*. 
The compatibility with composition is immediate. 

The isomorphism GL(F) ^ GL(F*), g i— ^g^^, is compatible with 
the actions on the pre-gerbes of c-lattices. So, by Remark after (2.13.2), 
it lifts canonically to super extensions 

(2.13.5) GL^(F) ^ GL^(F*). 

Notice that (2.13.5) changes the sign of the Z-grading to the opposite. 
It interchanges the ideals glc^Qid the splittings Sc, Sd- 

Remark. The above compatibility with duality can be extended to 
a larger semi-group of Fredholm endomorphisms as follows. We say 
that a morphism g : N ^ M oi Tate i?-modules is Fredholm if both 
g°° : N°° ^ M°°, ^g°° : M*°° N*°° are invertible. Equivalently, this 
means that (locally on Spec R) one can find c-lattices L C M, P C N 
such that g{N) + L = M, P n Kerg = and g-^{L) C N, g{P) C M 
are again c-lattices. Notice that any pair of isomorphisms N°° — > M°°, 
M*°° ^ N*°° can be hfted to a Fredholm morphism N M. 

A Fredholm g defines a Z-graded super hne det(M, N,g). To define 
it choose L, P as above such that L D g{P); then det{M,N,g) :— 
det{L/g{P))/ det{g^^{L)/P). The arguments of Lemma-Definition in 
2.7 show that our super line does not depend on the auxiliary choice 
of L, P and actually depends only on {g°°,g*^). It is compatible 
with composition, and there is a canonical isomorphism det(M, g) — 
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det(A^*, M*, ^g)~^ coming from (2.2.3). If g is an isomorphism then our 
super hne is canonically triviahzed by det g e det(M, N, g). 

Let be a Predholm endomorphism of F; set det(F, g) :— det(F, F, g). 
There is a canonical isomorphism 

(2.13.6) \g-\tg^det{F,g). 

Namely, for c-lattices L, P as above one has = dct(L : g~^{L)), 
Xtg = det(P^ : {'g)-\P^)) = det(P : g{P)) (see (2.13.2) and (2.13.4)), 
and (2.13.6) is the product of these isomorphisms. If g is invertible 
then the r.h.s. of (2.13.6) is trivialized by detg^, and (2.13.6) amounts 
to (2.13.5) 

2.14. Clifford modules. Here is another description of the Tate ex- 
tension which is inherently self-dual. 

Fix a Tate module F. The Tate module F (B F* carries a standard 
hyperbolic symmetric bilinear form. Denote by = Wp the same 
Tate module considered as a super object placed in odd degree. The 
above form considered as a bilinear form on W is skew-symmetnc; we 
denote it by < , >. So C := W ® R is a, Lie super it!-algebra with 
respect to a bracket whose only non-zero component is < , >. 

A Clifford module for is a C-module*^^ Q such that the C-action is 
continuous with respect to the discrete topology of Q and 1 e R — C° 
acts as idg. The category of Clifford modules is denoted by A^^. For 
morphisms of i?'s one has the obvious base change functors. It is clear 
that Clifford modules are local objects with respect to the flat topology 
of Spec R. 

For a super i?-module M and a Chfford module Q the tensor product 
M® Q is a Clifford module in the obvious way. A Clifford module V is 
invertible if the functor TVffj -Mc^ M M (g) P, is an equivalence of 
categories. Denote by Vic^ the groupoid of invertible C-modules. For 
jC e Picfj, V e ViC(; one has C®V & Vic^, so Vic^ carries a canonical 
action of the Picard groupoid ■Pic|j. 

Assume that F is a special Tate i?-module. Let Ly^ C be a 
c-lattice, C its < , >-orthogonal complement; this is again a 
c-latticc. If L\Y C L-^ then < , > yields a non-degenerate form on 
W := L^/Lw e heiC = W ®R be the corresponding Clifford Lie 
super algebra. In other words, © i? is the normalizer of Lw C C, 
and C is the subquotient algebra of C. Let M.^ be the category of the 



in the tensor category A4% of super ii-modules, see 2.1. 



f-FACTORS FOR GAUSS-MANIN DETERMINANTS 



25 



corresponding Clifford modules. Now the functor 
(2.14.1) M'c^M'c, Q^Q.^Q'-'^, 

is an equivalence of categories'^ (its inverse is the induction functor). 
In particular, if = Lw then C = R, hence M-c -Mr- This 
happens when Lw = L (B where L C -F is any c-lattice and L-*- := 
{F/L)* C F* is its orthogonal complement. 

Equivalences (2.14.1) commute with functors M (8) •. The groupoid 
VicQ is a Pic|j-torsor, i.e., a super (9^-gerbe. Indeed, for every Lw as 
above such that L^ — Lw (2.14.1) identifies Pic^ with Pic|j. 

Let 0{W) C GL(iy) be the subgroup of automorphisms preserving 

< , >. It acts on C in the obvious way, hence 0(1^) acts on the category 
of Chfford modules. Explicitly, for g G 0{W) and V G the Clifford 
module gV equals 7^ as a super i?-module, and the C-action on it is 
I— > g~^{w)p. This action obviously commutes with functors M® •. 
Therefore 0{W) acts on Vic^ as on a super (9^-gerbe. Let 0^{W) 
be the super -extension opposite to the one defined by this action 
(see A6), or, equivalcntly, the super extension defined by the action on 
the opposite super gcrbe. So for g e 0(W) its super line in 0^(W) is 
V/gV, V e Vic'c- Equivalently, 0\W) consists of pairs {g, g') where 
g G O(l^) and g^ is an automorphism of P, considered as a plain 
i?-module, such that for w EW^p one has g^{wp) = g{w)g^{p). 

If F is an arbitrary (not necessary special) Tate module then we 
define 0\W) using 2.12(11).'^ 

Remarks, (i) For Lw as above set 0{W, Lw) ■= 0(W)nGL{W, Lw); 
there is an obvious projection 0{W, Lw) — 0(1^). Then (2.14.1) iden- 
tifies the restriction of 0^{W) to 0{W,Lw) with the pull-back of the 
extension 0^{W). In particular, if Lw — Ly^ then there is a canonical 
splitting sl^:0{W,Lw)-^0\W). 

(ii) The above discussion for c-lattices has an immediate d-version. 
Namely, let Mw C be a d-lattice (see 2.13) such that < , > vanishes 
on Mw- Then C Vl^ is a d-lattice and W := M^/Mw e carries 
the induced non-degenerate form; let C be the corresponding Clifford 
Lie super algebra. Thus © is the normalizer of Mw C C, and C 



H.e., an object of M'^ is a C-module such that 1 G i? C C acts as identity. 
F is a finitely generated projective -R-module then (2.14.1) is the usual 
Morita equivalence. The general case reduces to this one by 2.3(ii) (see Remark (i) 
in 2.13) since Clifford modules are Zariski local objects. 
'5 As we did to define GL^(F). 
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is the subquotient Lie algebra. We have an equivalence of categories 
(2.14.2) M'c^Mh Q^Qm^. 

It identifies the restriction of 0^{W) to a parabolic subgroup 0(W^, Mw) 
0(1^) n GL{W, Mw) with the_pull-back of the extension 0\W) by 
the projection 0(1^, Mw) 0{W). In particular, if Mw = M^ then 
there is a canonical sphtting sj^^ : 0{W, Mw) 0^{W). 

2.15. Proposition. The embedding GL(F) ^ 0{W) which assigns 
to g e GL(F) the diagonal matrix g° with components g,*g~^ lifts 
canonically to a morphism of super extensions 

(2.15.1) GL^(F) ^ 0\W). 

Proof. By Remark after (2.13.2), GL^F) is the super extension defined 
by the action of GL{F) on the gcrbe of c-lattices. The super extension 
induced from 0^{W) is defined by the action of GL(F) on the gerbe 
opposite to Vicq. It remains to identify these two gerbes in a way 
compatible with the GL(F)-actions. 

By Remark in A6 wc have to assign to every c-lattice L an invcrtible 
Clifford module Ql and define identifications dct(L : L') = Ql'/Ql 
which satisfy the transitivity property. By Remark after (2.13.1) it 
suffices to establish the latter identifications for L D L'. 

We define as the Clifford module such that (Ql)^^ = R where 
Lw ■■= L®L^ (see (2.14.1)). Then Qv / Ql = {Ql')^"^ , so the promised 
identification can be rewritten as a canonical isomorphism 

(2.15.2) det(L : L') = Q^^/Q^'w 

valid for any Q e Vic^c- L D L' then the super lines {Ql')^^^' , Ql^ 
lie in where P := L' C W ^ which is a module for the Clifford 
algebra C ioi W = P^/P = L/L' ® L'^/L^. Now det(L : L') = 
det{L/L') lies in C, and its action transforms Q^^v to Q^^ . This is 
(2.15.2). The transitivity property and compatibility with the GL(F)- 
action are obvious. □ 

Remarks, (i) We see that GL^(F) acts canonically on every Chfford 
module V. The action of qI\F) can be described explicitly as follows. 

For a' G qI^{F) over a G gi{F) its action on V is compatible with the 
action of C C: one has a^{wp) — w{a^p) = a{w)p for w E W, p E V. 
This condition alone does not determine the action of a'; an extra 
normalization is needed. Since qI{F) = qIc{F) + 0[^(F)^^ it suffices to 
consider the cases a" — Sc(a), a E qIc{F), and a" — Sd{a), a E 0(^(F). 

^^See the discussion at the end of 2.13. 
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The action of Sc{a) is uniquely determined by property that it kills 
for a sufficiently large c-lattice L (Z F; the action of Sd{a) is uniquely 
determined by property that it kills V^'^ for a sufficiently small c-lattice 
LgF. 

(ii) Let L, M C F be a c- and d-lattice. Set Lw ■= L® L^, Mw ■ = 
M © M-^ C W; these are c- and d-lattices in W such that = Lw, 

= Mw, and (2.15.1) identifies sections si, of (2.13.3) with 
restrictions of sections s^^,, s^/^ from Remarks (i), (ii) of 2.14. 

(iii) Recall that GL^(F) is a Z- graded super extension. This Z- 
grading can be described in Clifford terms as follows. Consider a Z- 
grading on W with F in degree 1 and F* in degree —1; then GL(F) C 
0{W) is the group of orthogonal automorphisms preserving this Z- 
grading. One defines Z-graded Clifford modules in the obvious way. 
The picture of 2.14 remains valid in the Z-graded setting, so we have a 
Z-graded super C^-gerbe Vic^ equipped with an action of GL(F) and 
the corresponding Z-graded super extension of GL(F). This defines a 
canonical Z-grading on the pull-back of 0\W) to GL(F) C 0{W). It 
is easy to see that (2.15.1) is compatible with the Z-gradings. 

(iv) The Clifford algebras for F and F* coincide, hence the corre- 
sponding groups 0{W) and their super extensions 0^(W) are equal. 
On the subgroups GL(F), GL(F*) this identification is the standard 
isomorphism g *g~^', its lifting to the Tate super extensions via 
(2.15.1) is (2.13.5). 

2.16. Scalar products and super /i2-torsors. We suggest reading 
this subsection simultaneously with 3.6. 

Let $ = ^{F) e be the object of all symmetric non-degenerate 
bilinear forms on F, or, equivalently, that of symmetric isomorphisms 
(f) : F ^ F* (the form corresponding to is (a, b)^ := {(pa, b)). 

For G $ let 0° G 0{W) be the anti-diagonal matrix with compo- 
nents 0, Let be the super line of 0° in O^(H^). One has 0"^ = 1, 
so the corresponding identification A^^ ^ yields a super /X2-torsor 
/i^ (see 2.1). We have defined a canonical super /i2-torsor on 

For 0, 0' G $(F) set g^,,^ := 0'-V e GL(F). One has 0'" = ^^,^^0° G 
O(l^). By (2.15.1) this provides a canonical isomorphism of super hues 

(2.16.1) A,^, ^ • A^ ^ A^,. 

Notice that g^"^tp = g,p",(p'g<p',,j> and identifications (2.16.1) are transitive. 

One can rephrase this as follows. Let Q<s, be the simply transitive 
groupoid on so for every 0,0' G $ there is a single arrow 0^0' 
in Q^. We have a homomorphism of groupoids g : ^ GL(F) which 
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sends the above arrow to g^'^^. Let Q\, be the (7-puU-back of the Tate 
super extension. Now (2.16.1) is a ^^-action on A$, i.e., a A$-splitting 
of Q\> in the terminology of A2. 

Therefore (see A2) Q\, comes from a /i$-spht super /i2-extension 
of If 1/2 G -R then any /i2-extension is etale, hence it is canonically 
triviahzed over the formal completion of Q^^'^ The corresponding 
trivialization of Q\, over is a canonical formal rigidification of Q^. 

Remarks, (i) The above constructions are compatible with direct 
sums: if F = ©-Fq, = ffi^a, then fi^ = and duality: /x^-i — fj,^. 

(ii) Fix any e $(-F). Then the morphism g^ : $(F) GL(F), 
(j)' I— > g^'^^, is injective, and its image consists of all g G GL{F) which are 
self-adjoint with respect to ( , )<^. The involution s,/, :=Ad^o preserves 
GL(F), $ C 0{W), so it induces involutions of GL(F) and $ which we 
denote again by s^. For g G GL(F), 0' G $ one has S(j){g) — (f)''^{^g)~^(f) 
(which is the adjunction with respect to (, )) and S(i,{(f)') — (l)(f)~^(f). 
Thus g ^{5 ((,{(/)')) = {g^{(f)'))~^. The action of on A$ is compatible 
with the trivialization Af^ — > O^, so s<^ acts on 

(iii) The action of s<^ on qI{F) interchanges the ideals 0lc(-^)) Q'^di^) 
qI{F) and the sections Sc, (see (2.13.5) and Remark (iv) in 2.15). Our 
(7<^ identifies the tangent space to G $ with the submodule gl{F)'^ C 
Qi{F) of (, )0-self-adjoint operators. If 1/2 G R then the canonical 
formal rigidification of yields a sphtting : gl{F)'f' — > 0t^(F) 
which is s^-invariant; it is uniquely defined by this property. 

(iv) Let L, Lw, M, Mw be as in Remark (ii) of 2.15. Set 

(2.16.2) $i := {0 G $ : 0(L) = L^}, $m := {(6 G $ : (/)(M) = M^}. 

Since $2 0{F,Lw), $m ^ 0(H/,Mvk) the sections sl^, slj^ from 
Remarks (i), (ii) of 2.14 trivialize the restrictions of our //2-torsor to 
^-^d ^Mw- We denote these trivializations also by si, sf^. Notice 
that for (f),(j)' G $l the action (2.16.1) identifies s'i{g^/^^)s'i{(f)) with 
s'i{4>') (see Remark (ii) of 2.15). Same for L replaced by M. 

2.17. Let us describe fj,^ exphcitly assuming that is a field. 

(i) Case p(/x</,) = 0."^^ Then one can find a c-lattice L such that the 
</)-orthogonal complement equals L, i.e., G As above, it yields 
the trivialization s^(0) of /x<^. If F 7^ and we live in characteristic 7^ 2 
then the Grassmannian of such L's has 2 components. We leave it to 

^^For (/i, (f)' G the arrow (p ^ (j)' lies in C ^3. if and only (j) equals (j)' 

modulo some nilpotent ideal I (Z R' . 

^^Here p is the parity of our super torsor, see 2.1. 
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the reader to check that our triviahzation changes sign as we switch the 
component. Thus /i^ is the set of components considered as a //2-torsor. 

(ii) Case ^(yU^) = 1. Then one can find a c-lattice L such that D L 
and L := L^/L has dimension 1. We have the induced ^ : L ^ L*. 
Let us define a canonical identification 

(2.17.1) 1^^^ {I el: {1,1)^^1}. 

Indeed, preserves Lw '■= L®(f){L) and W := L^/Lw = L(B L*, so, 
by Remark (i) in 2.14, we have = yU^. Take any invertible Chfford 
module V for W. An element a E fi^ is an automorphism of P as a 
/c-vector space such that = 1 and a{wp) = 4>°{w)a{p) for w G W , 
p eV. The restriction of such a to P^* C P is multiplication by [ e Z 
such that {1,1)^ = 1. This provides (2.17.1). 

Appendix 

Al.^^ A Picard groupoidV is a symmetric monoidal category^'' such 
that every object in V is invertible, as well as every morphism. We 
denote the operation in P by • and the unit object by 1-p. The com- 
mutative group of isomorphism classes of objects in V is denoted by 
7ro(P). Set T^iiV) := Aut(lp); this is a commutative group, and for ev- 
ery P eV the identification 1 ■ P = P yields a canonical isomorphism 
T^ii'P) ~^ AutP, a I— > a • idp. 

For P e V the corresponding element of no{V) is denoted by \P\. 
For a finite family {Fa} of objects of V we usually denote their product 
by 

Remark. For any commutative group A the category A-tors of 
A-torsors is a Picard groupoid in the obvious way. For every Pi- 
card groupoid V its Picard subgroupoid P° of objects isomorphic to 
l-p is canonically equivalent to A-p-tors via ^ 7ri{V)-tors, P ^ 
Hom(lp,P). 

For two Picard groupoids V, V a. morphism (f) : V ^ V is the 
same as a symmetric monoidal functor. All morphisms form a Picard 
groupoid Hom('P,'P'): namely, the product of two morphisms ^,■0 is 
((/.•^)(P)=0(P)-^(P). 

For P G P its inverse P~^ is an object of V together with an 
identification e : P ■ P~^ ^ Ip; the inverse is determined uniquely 
up to a unique isomorphism. There are two natural identifications 
P ^ (P~^)~^ defined by pairings e"^, e"* : P'^ ■ P ^ l-p where e"^ 



'See SGA 4 XVIII 1.4. 

'We always assume that V is equivalent to a small category. 
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is defined using commutativity, and e'^ is determined by the condi- 
tion that e • idp — idp ■ : P ■ ■ P P (or, equivalently, that 
■ idp-i = idp-i ■ e : P-^ ■ P ■ P-^ ^ P~^). Notice that the def- 
inition of e™ does not use commutativity of ■, and e^/e^ = a where 
a — o.{P) e 7ri(P) is the action of the commutativity symmetry on 
P • P. Unless stated explicitly otherwise, we use identification e"^. 

Using commutativity, one extends naturally the map P i— > P~^ to 
an auto- equivalence of the Picard groupoid V. 

For P,Q eVwe write P/Q := P ■ Q-\ 

A2. For a category F, a V -extension F^ is a rule that assigns to every 
arrow 7 in F an object G P and to every pair of composable arrows 
7,7' a composition isomorphism c-y^y : ■ Py — > P^^i- We demand 
that c be associative in the obvious sense. 

Assume we have a P-bundle C on the set of objects of F which is 
a rule which assigns to every object a; in F an object Cx oi V. An 
action of F'' on £ is a rule that assigns to every arrow 7 : a; ^ 
an isomorphism P^ ■ Cx ^ Cx' which satisfies an obvious transitivity 
property. 

Notice that for a given L there is a unique (up to a unique isomor- 
phism) P-extension F^ of F acting on L. Indeed, the action amounts 
to a datum of isomorphisms P^^ := ix'Hx which identifies the composi- 
tion in r'' with the obvious product. We call F^ the C-split 7^-extension. 
So for an arbitrary T'-extension F*" of F we also refer to its action on C 
as an C-splitting of F''. 

Remarks, (i) For every object a; in F there is a canonical identification 
ex ■■ ^ Ir defined by : P^d, ■ P^d.^ ^ P^d,- This isomorphism 

identifies every Q^^^y and c^^id^ with the canonical isomorphisms Ip ■ 
Py ^ Py, P^ ■ 1-p ^ P^. For every invertible arrow 7 : x ^ x' 
in F there is a canonical identification P^_i ^ (-^7)"^ defined by the 
isomorphism e-y := Cx'C^^^-i : P^ ■ P^_i ^ 1-p. Notice that e^-i = e^. 

(ii) A T'-extension F'' yields a homomorphism^-*^ F — > no{V), 7 1— > 
|P^|. If is discrete, i.e., Ap — 1, then T'-extensions are the same as 
homomorphisms F — > 770(7^). 

A3. Let F'', F*"' be two P-extensions of F. A morphism ^ : F'' — F''' is 
a system of morphisms 9^ : P^ ^ P^ compatible with composition; it 
is clear how to compose morphisms of P-extensions. The Baer product 
of F'', F^' is a P-extension 7 1-^ P^ ■ P^' with the obvious composition 

^^For a group A a homomorphism a : T ^ A assigns to every arrow 7 an element 
0(7) e ^ so that 0(77') = 0(7)0(7') for every composable 7, 7'. 
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rule; the Baer product is associative and commutative in the obvious 
way. Therefore for small F its T'-extensions form a Picard groupoid 
which we denote by Sxt(r,V). Its unit object 1^ is the trivial split 
extension J i— 1-p. One has ni^SxtiTjV)) = Hom(r, 7ri(P)). 

For a functor : F' — > F and a T'-extension F'' it is clear what is 
the pull-back of F'' by 0. Thus for small F, F' we have a morphism of 
Picard groupoids 0* : Sxt{r,V) £xt{V',V). 

Remarks, (i) The notion of P-extension of F depends on the isomor- 
phism class of F, and not on its equivalence class: if : F — > F' is an 
equivalence then cff need not be an equivalence.^^ 

(ii) The notion of T'-extension depends only on monoidal structure 
of V: the commutativity constraint is irrelevant. However, the com- 
mutativity constraint is used in the definition of the Baer product. 

(iii) Let F'' be a P-extension of a groupoid F. Then for a; G F we have 
a P-extension Aut^(a;) of the group Aut(a;). It depends functorially on 
x: for every 7 : x — > the identification Adj : Aut{x) ^ Aut(a;') 
lifts canonically to an isomorphism of T'-extensions Ad^ : Aut^{x) ^ 
Aut''(a;'). Namely, for g E Aut(a;) the corresponding identification 
Ad^ : Pg ^ ^Ad-yig) composition 

Here the first arrow is idpb ■ (e^)~^, the second one is the commutativity 
constraint, the third is the composition map.^^ For composable 7, 7' 
one has Ad^y = Ad^Ady. 

A4. Let ^4 be a commutative group. A central A-extension of F 
is a category F together with a functor vr : F F and a homomor- 
phism from A to the automorphisms of the identity functor of F. We 
demand that tt is bijective on objects, for every a;, x' the projection 
TT : Homp(x,x') — > Homr(a:;, x') is surjective, and the action of A 
0(7) = aj;/7 = 70-1; is simply transitive along the fibers of this pro- 
jection. If F is a group (i.e., a groupoid with single object), then its 
central A-extensions coincide with central extensions of F by A. 

Any F as above yields an A-tors-extension F^ of F: namely, P^ is the 
74-torsor 77-^(7), the composition c is the composition of arrows in F. 

This way we see that 74-iors-extensions are the same as central A- 
extensions. 

^^Consiclcr the case when F is a trivial groupoid and V is an equivalent groupoid 
with 2 objects. 

^^The compatibility of Ad^ is with product (composition) follows from the fact 
that the composition map ■ ^ 1-p is equal to e™, see Remark (i) in A2. 
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A5. Suppose that F is a group; set A := 7Ti{V). As we have seen 
in Remark (iii) of A3, the adjoint action of F on itself hfts canonically 
to a F-action Ad'' on any P-cxtcnsion F^ If 7.7' G F commute then 
Act^, : Py — > Py is multiplication by an element of A which we denote 
by {7,7'}^ Equivalently, {7,7'}'' G ^ is the composition 

pb _ p\> ^2i( = 24^ . p^ SI, p'^ . 

where the last arrow is the commutativity constraint. If F is commu- 
tative then {,}'':FxF— >^isa bimultiphcative skew-symmetric 
pairing. If = A-tors then { , is the usual commutator pairing for 
the corresponding central A-extension. 

A6. A V-action on a category C is a functor ■ : V x C ^ C equipped 
with an associativity constraint P-{P'-C) {P-P')-C and l-p-C ^ C 
which satisfies the obvious compatibilities. We say that C is a V-torsor 
if C is non-empty and for every C E C the functor V ^ C, P ^ P ■ C , 
is an equivalence of categories. For a T'-torsor C one has a canonical 
functor CxC V, C,C' ^ C /C , together with natural identifications 
(C/C) ■ C = C; such functor is unique. 

Remark. Let C be a P-torsor. We have then a P-extension of the 
simply transitive groupoid on its set of objects: for C", C G C the object 
Pqqi E V corresponding to the (unique) arrow C" ^ C is C/C, the 
composition is obvious. Conversely, suppose we have a set K together 
with a P-extension P^ of the simply transitive groupoid on K.^"^ Then 
there is a T'-torsor C together with a map from K to the objects of C 
and its lifting to a morphism of T'-extensions. Such datum is unique 
in the obvious sense. We call C the T'-torsor generated by pre V-torsor 
{K,P\,). 

Let F be a group. Assume that it acts on a category C, i.e., we have 
a rule that assigns to every 7 G F a functor 7 : C — > C, C 1— >• 7C, 
together with natural isomorphisms 7(7'C) = (77')C, IC = C; this 
datum should satisfy the usual compatibilities. If C is also equipped 
with a P-action then we say that the F and P-actions commute if wc 
arc given a system of natiiral isomorphisms 7(P ■ C) = P ■ (7C) that 
satisfy the obvious compatibilities. 

For example, assume that V acts on C and we have a 7^-extension 
F^ of F. Then 7C := P^ • C is a F-action on C which commutes with 
the T'-action in the obvious way. 

^^Which is a rule that assigns to k,k' & K an object ^, gV and composition 
maps PI J,, • P^, — > P^ which satisfy the associativity property. 
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If C is a P-torsor then every F-action on C commuting witli tlic 
T'-action (we say then that F acts on C as on a V-torsor) arises as 
above. Precisely, there is a unique, up to a unique isomorphism, F^ 
together with an identification of the corresponding action on C with 
our action which is compatible with the constraints. Namely, one has 
= (7C) / C (for various C E C these objects are canonically identified 
in the obvious way) and the composition law is ■ Py ~ {'y' {'yC) / ^C) ■ 

{^C/C) = y-fC/C = P^y. We call F^ the P-extension defined by the 
action of F on C 

For example, suppose we have a pre P-torsor {K, P^) as in Remark 
above equipped with a F-action (so F acts on the simple transitive 
groupoid on K,^^ and this action is lifted to P^) . Then F acts on the 
T'-torsor C generated by {K, P^), which yields a T'-extension F^ 

3. The Heisenberg group and its cousins 

The purpose of this section is to study various Heisenberg central 
extensions which arise by puUback from the Tate central extension 
in 2.10. In 3.5, the superfine Xoj{f)^ on uj{F)^ is constructed and the 
structure group is reduced to 112- In particular, this line has a canonical 
connection. For V a projective P-module of rank n, a connection on 
deti;- V leads in 3.8 to an identification of formal groupschemes i^^"*" ^ 
F^y For S any superfine bundle on uj{F)^ with an action of P(y), this 
isomorphism enables us to transfer the connection from Xu;{f)^ to £. 

3.1. The setting. Let P be a commutative ring and Pr a commutative 
topological P-algebra which is a Tate P-module (see 2.11). Let P^ be 
the multiplicative group of Pr. By base change we have a group valued 
functor P^ e Sr, P^(P') := P^,. The Lie algebra of P^ is P: its R'- 
points is the additive group of Fr/ . 

Similarly, let Aut(PR) be the group of continuous P-automorphisms 
of the algebra P; we have a group functor Aut(P) e Sr, Aut(P)(P') := 
Aut(PR') , which acts on P^ . The P-points of the Lie algebra of Aut(P) 
is the Lie algebra 0(Pr) of continuous P-derivations of Fr. 

Let P^ be our Fr considered as a Tate P-module, so we have a 
group functor GL(P'^), R' 1— > GL(P^,) (see 2.13). One has the obvious 
embeddings 

(3.1.1) P^, Aut(P) ^ GL(P^). 

They identify the action of Aut(P) on P^ with the adjoint action of 
GL(P^). 



'In all examples we consider T actually acts on as on a mere set. 
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The pull-back of the Tate super extension of GL(F^) from 2.13 to 
is the Heisenberg super extension F^^ of F^. Its Lie algebra is a central 
extension F^ of F by O. One deduces an explicit description of F^ from 
2.10(iv). Notice that the action of Aut(F) on F^ lifts canonically to 
the (adjoint) action on 

The Heisenberg super extension defines the commutator pairing®*^ 

(3.1.2) {, xF^ 
and its Lie algebra version 

(3.1.3) [,f:FxF^O. 

So the adjoint action of / e on F^^ and F^ is^''' 

(3.1.4) Adf{g') = {f,gyg\ Adf{a') = [f,f-'af + a'. 

Consider the Tate dual F^ := Hom^"*(FR, R) as an FR-module. As 
follows from (2.10.3) the i?-linear morphism 

(3.1.5) d:F^F*, da{b) := [a, bf, 

is a continuous derivation. It yields a canonical F/j-linear morphism 
uipji F^ where ujfh = ^Fr/r is the module of continuous differentials 
relative to R. Let Res'" : a;^^ — > be its composition with evaluation 
at 1 e Fr, i.e., Ke^{bda) :— [a, 6]''. Thus the adjoint action of F^ on 
F^ is given by a cocycle 

(3.1.6) F^xF^O, /,a^ Res^(adlog/). 

Exercises, (i) Let A ^ R he a morphism of commutative algebras 
such that R is finite and flat over A. Then Fr is also a Tate A- 
module, so we have the two pairings {,}^ : F^ X-^r and 
{.}\-F^x n ^ Show that { , }^ = NmR,A{ , 

(ii) Assume that F is a product of finitely many algebras Fq, as 
above. Show that for / = (Z^), g — {go) e F^ — UF^ one has 

{/,5}^ = n{/a,5a}k- 



5«See 2.1, A5. 

^'''The second formula comes from the description 2.10(v) of F^: if 5, is an operator 
with open kernel which represents then Ad/(a^) is represented by faf~^, so 
Ad/(a^) -a'= trif-af-' - ~a) = tr{[f, af-']) = [/, a/" ^ = [/, f-'a]K 

^^Here NmnjA '■ — > is the norm map. 
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3.2. The case of Fr = R{{t)). An important example of the above F 
is the algebra Fr = R{(t)) of Laurent power series equipped with the 
usual topology. Let us discuss it in more detail. 

The language of ind-schemes is convenient here. For us, an ind- 
scheme is a functor X on the category of commutative rings which 
can be presented as a filtering inductive limit of functors R ^ Xa{R) 
where Xa are schemes and transition maps Xa — ^ Xf^ are closed em- 
beddings. We say that X is ind-affine if all X^ are affine schemes, X 
is formally smooth if the usual Grothendieck property is satisfied; X is 
reduced if one can choose X^ to be reduced schemes. To every X there 
corresponds the reduced ind-scheme Xj-ed := lini(XQ,)red- 

For a commutative ring R set Fr = R{{t)). It is well-known that 
the multiplicative group F^ is a direct product of the following four 
subgroups: (i) the subgroup of elements f^; (ii) R^; (iii) the sub- 
group of elements 1 -|- ait + a2t^ + .., ai E R; and (iv) the subgroup of 
elements 1 -|- bit~^ + b2t~^ + .. where bi are nilpotent elements of R and 
almost all 6j = 0. 

The functor F^ : R i— > F^{R) := F^ is a commutative group ind- 
scheme which is ind-affine and formally smooth. The subgroup (i) is 
represented by the discrete group Z, (ii) by G^, (iii) by the group 
scheme W of (big) Witt vectors, and (iv) by the formal completion W 
of W (via the change of variable t t^^). Therefore 

(3.2.1) F'' = Z X G„ X W X W. 

One has F^^ = Z x x W. The projection F^ — > Z has connected 
kernel; for G Z let F^'^ G F^ be the preimage of d. 

The functor Aut(F) : R ^ Aut(F)(i?) := Aut(FR) is a group ind- 
scheme. The map Aut(F) F^^^cf) ^ (pit), is an isomorphism of 
ind-schemes. 

The next proposition shows that (3.1.2) coincides in the present sit- 
uation with the inverse to a "parametric" version of the tame symbol 
introduced by Contou-Carrere (see also |D3j 2.9); the usual tame 
symbol is its restriction to F^^. 

3.3. Proposition, (i) {, }'' is Aut(F)-invariant. 

(ii) With respect to decomposition (3.2.1) the non-zero components 
of { , are: 

(a) the Z X Z-component: one has {t"',^}^ = (-I)*"". 

(b) the Gm X Z-component (and its transpose): {r, t™}'' = r~™. 

(c) the W X W-component (and its transpose): for /(t) G W and 



^^A base of neighbourhood of is t"-R[[t]], n > 0. 
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git) G W one has {f{t),g{t = r{f * g). Here * is the product 
of Witt vectors'" which sends W x W to W, and r : W ^ is 
the morphism h{t) h-* h{l)~^ .^^ 

(iii) The morphism Res'* is the usual residue Res at t = 0, so the 
canonical morphism uop ^ F* is a.n isomorphism. 

Proof, (i) is clear since Aut(-F) acts on 
We will prove (ii), (iii) simultaneously. 

(a) follows from (2.1.1) since {/, JJp''^*" = 1 for any /, and (b) follows 
from Exercise (b) in 2.10(ii). 

For the remainder of the proof, we assume we are working in the 
category of Q-algebras. We can do this since it suffices to check our 
statements for the universal R] it has no torsion, so we loose no infor- 
mation tensoring by Q. 

Let us check that Z orthogonal to W x W. Since we are in 

char and W x W is connected we can replace this group by its Lie 
algebra which is the subspace F° C -F of formal power series Soji* with 
ao = 0. The action of homotheties C Aut(F) via t ^ at preserves F° 
and has trivial coinvariants there. Since homotheties fix C Z x 
we see, by (i), that Gm is orthogonal to . The action of homotheties 
on the quotient Z = Z x G^/G^ is trivial, so the same argument shows 
that Z is also orthogonal to -F°, q.e.d. 

It remains to compute the restriction of { , j** to W x W. Again, it 
suffices to check the formulas on the level of Lie algebras. 

The group pairing f{t), g{t^^) ^ r{f * g) from (c) looks as follows. 
For /(t) = exp(ait + 0:2^^ + ..), g{t) = exp{Pit + [32t^ + ..) one has 
(/ * 5')(^) = exp(- Xl^^ttiA^*), so r(/ * g) = exp(X]«aiA). It is clear 
that the corresponding infinitesimal pairing is a, 6 i— > Res(6(ia). 

So it remains to check (iii), i.e., to show that = m5m-m 

which is an easy calculation (use presentation 2.10(iv) for F^). □ 



Remarks, (i) Here is another convenient formula. Let / G R\\t\\ be 
a formal power series with invertible constant term, and g G a 
Laurent polynomial with one coefficient invertible and the other ones 
nilpotent. Then diyg is a Cartier divisor supported at t = and, as 

''"Recall (see e.g. |Mu| Lecture 26) that W is naturally a commutative ring 
scheme; the ring structure is uniquely characterized by property that every map 
Wi : W(i?) —>■ R, YiWit^ := —tdt log/, is a ring homomorphism. 

^^Here W(i?) is identified with units in 1 + tR[t], i.e., with polynomials of the 
form 1 + ait + ... where are nilpotent. 

^^We are grateful to referee for pointing it out to us. 
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follows from Exercise (b) in 2.10(ii), one has 

(3.3.1) {/,^?f = Ndi.,(/)-^ 

(ii) According to [C] the pairing { , is non-degenerate, i.e., it iden- 
tifies the group ind-scheme with its Cartier dual. For an analytic 
version of this statement see |D3j . sect. 4. 

3.4. The standard splittings and the Weil reciprocity. Let i?, 
Fr be as in 3.1. Suppose we have i?-subalgebras Or^Ar C Fr which 
are, respectively, c- and d-lattices in F (see 2.13). By base change we 
can consider it as an embedding O, A '-^ F oi O-algebras in Sr (see 
2.10). Then O'', C and (2.13.3) gives the standard splittings 

(3.4.1) s^:0^-^F^^ 

In particular, the restriction of { , j** to and A'^ vanishes. 

This situation occurs in geometry as follows. Let X be a smooth 
projective family of curves over Spec R, D G X a relative divisor such 
that U = X \ D is affine. Let Od he the algebra of functions on the 
formal completion of X a.t D and F^ its localization with respect to 
an equation of D.^^ Then Fo is a Tate i?-module, and Od C Fd is a 
c-lattice. We have the obvious embedding of -R-algebras 0{U) ^ F^ 
which identifies 0{U) with a d-lattice in Fd- So we have the standard 
splittings 

(3.4.2) s'o, : 01 - F-\ s%^^^ : 0{UY - F^K 

Let { , }^ be the symbol map (3.1.2) for F^. If -D is a disjoint union 
of i?-points Xa then F^ = ^F^^ and 3.3®^ identifies {, Yd with the 
product of (the inverse of) local tame symbols at x^- If D is etale 
over Speci? then one computes { , }^ using Exercise (i) in 3.1. So the 
vanishing of { , }^ on 0^{U) C F^ is the classical Weil reciprocity 
law. Passing to Lie algebras one gets, by 3.3(iii), the residue formula. 

3.5. cu{F)^ and the extended Heisenberg. Let R, Fr as in 3.1 and 
assume that locally in flat topology of Spec R our Fr is isomorphic to 
a product of several copies of R{{t)). All our constructions are local, 
so we tacitly assume that we work flat locally on Spec R. 

So, localizing R if needed, we get, by 3.3(iii), a canonical isomor- 
phism u!{F) := Up — >■ F* of free F-modules of rank 1. Denote by 
Lj{F)^ the set of generators, i.e., invertible elements, of uj{F). 

The story of 2.16 in our special setting looks as follows. 

•^^So Od ■■= limT{X,0/0{-nD)), Fd := lim\imr{X, 0{mD)/0{-nD)). 
^^Together with Exercise (ii) in 3.1. 
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As in 2.14 set W := F ® F* — F ® a;(F), so we have the orthogonal 
group O = 0{W) and its super extension O''. One has an embedding 
F^ ^ O, f f° := the diagonal matrix with entries f,f~^- By 2.15 
the restriction of to F^ is the Heisenberg super extension F^ 

Consider an embedding'''' lj{F)^ ^ 0{W) which identifies with 
the anti-diagonal matrix with entries i/, The disjoint union of 
F^ and u;{F)^ is a subgroup F^ in 0(1^) which contains as a 
normal subgroup of index 2; the multiplication table is 

(3.5.1) i/v° = {u'/uy, /v" = (rv)° = i.°r. 

Let F^^ be the super extension of F^ induced from 0''(PF); for g e F^ 
we denote the corresponding super line by Xg. In particular, we have 
a super line Xui{f)x on 

Below we consider u;{F)^ as an F^-torsor with respect to the action 
f~^u. The multiplication in F^^ lifts this action to an action of 

F^^ on A^(F)x. 

Notice that over a;(F)^ the tensor square of A is canonically trivi- 
alized: one has X'^o — Oi, since v""^ — 1. Therefore we have defined a 
super //2-torsor //a;(F)x on uj{F)^ . 

The groupoid that corresponds to the F^''-action on uj{F)^ is a super 
extension ^^(-^)x of the simple transitive groupoid Qui{fy- Its action 
on A^(F)x identifies ^^(^^x with the A(^(i?)x -split super extension (sec 
A2). Since X^^f)^ comes from the super /i2-torsor Huj(f)>' we see that 
^ai(F)x comes from the /i(^(i7')x -split super /X2-extension ^^^^x- Ex- 
plicitly, ^^(p')x C ^^(^)x is the super /X2-subextension whose action 
preserves ij,u,{f)x C A^(i;')x. 

If 1/2 e R then ^jLuj{f)>< is an etale torsor and Q'^^^p^x is an etale 
groupoid extension of Gui{f)x- Therefore ^^(^^x splits canonically over 
the formal completion^^ Quj(f)x of QujiF)^- The corresponding splitting 
of ^(^(^)x is called the canonical formal rigidification of ^^p)x- 

Remark. The canonical formal rigidification of ^^(^)x is completely 
determined by the connection on A^(i;')x defined by the yU2-structure. 
The horizontal leaves of this connection are just the orbits of the adjoint 
action of on X^^p)- C F^^^^ 

''^Wc identify ly £ uj{F)^ with an i^-lincar isomorphism F ^ ^^(F), f i-^ fv. 
66 An i?'-point of (jr)x is a pair of iJ'-points of a;(F)^ that coincide modulo a 
nilpotent ideal of R' . 

6^Notice that this action lifts the F^-action f,v\-^ on a;(i^)^ . 
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The above picture is compatible witli tlic standard splittings of the 
Heisenberg group from 3.4. Namely, suppose we have 0,A C F as 
in 3.4. Set 0° := 0^,A° := A^. So 0° C u;{F) = F* is an O- 
submodule which is a c-lattice, A° C uj{F) is an A-sub module which 
is a d-lattice. Suppose that 0° is generated, as an 0-module, by some 
element of a;(F)^, and similarly, A° is generated, as an A-module, by 
some element of u{F)^. Let 0°^,A°^ C u{F)^ be the sets of such 
generators. Then := U 0°^ , A^ := A^ U A°^ are subgroups 
of F\ Since C 0{W,Ow), A"" C 0{W,Aw) (sec Remark (ii) in 
2.15 and Remarks (i), (ii) in 2.14 for notation) we have the standard 
sections 

(3.5.2) .^^:OX^FX^ 4^ : ^ F^^ 

On 0^,A^ C F^ these are splittings Sq, from (3.4.1) (see Remark 
(ii) in 2.15). The restriction of (3.5.2) to 0°x,^°x c a;(F)x trivialize 
the restrictions to (9°^, A°^ of the /X2-torsor IjLoj{f)x- The correspond- 
ing splittings of the groupoid super extensions Qqox, ^^ox come from 
sections Sq, s^. 

Remark. With uj{F) replaced by F* the above constructions remain 
valid for every F such that F* is a free F-module of rank 1. E.g. one 
can take for F an algebra Fd from 3.4; the divisor D need not be etale 
over Spec R. 

3.6. Remarks. We assume that 1/2 G R. 

(i) Take any u G lv{F)^. Then the canonical formal rigidification 
of ^^(^)x provides a section V^^^ : F ^ F^. As folows from the first 
Remark in 3.5 one has Vy_2y = Ad/V^, i.e., by (3.1.6), 

(3.6.1) V^,(a) = Vt(a) - ^Res(acilog/). 

Therefore the map i— > identifies the a;(-F) = F*-torsor of sec- 
tions F — > with the push-out of the F^-torsor uj{F)^ by the homo- 
morphism — |dlog : F^ — > a;(F). 

(ii) According to Remark (iii) in 2.16 the above can be also de- 
scribed as follows. Consider the involution :=Aduo of 0{W) and 
0^(14^). It preserves F^ C 0^{W) and acts on F C o{W) as multipli- 
cation by —1. Our is an 5,^-invariant splitting F ^ F\ and it is 
uniquely characterized by this property. 

^^Indeed, if there were two such, the difference would be a map F — > O which is 
s,^-equivariant, where acts by —1 on F and by -|-1 on O. 
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(iii) Set O := R[[t]] C F = R{{t)). Consider the splitting : O ^ 
from (3.4.1). Then for every a E O and f E F^ one has 

(3.6.2) = sUa) - ^Res{adlogf). 

Indeed, V^j(a) = ^^(a) by the discussion at the end of 3.5; the general 
case follows from (3.6.1). 

(iv) Let us describe the super /i2-torsor fJ.^(F)>' for F — R{{t)) explic- 
itly. We can assume that R is reduced. On even connected components 
(those of the forms t^'^dt) our ji is even, and it can be trivialized choos- 
ing L = t~"'R[[t]] as in 2.17(i). On odd components (those of the forms 
t^"+^(it) our II is odd. For a form u = rt'^"'~^^dt+.. our /i^ is the /X2-torsor 
of square roots of r as seen from (2.17.1) apphed to L = i~"it![[i]]. 

We see that the restriction of Gj^f^p^x to even components is canoni- 
cally trivialized. Therefore the restriction of ^<^(f)x to even components 
is also canonically trivialized. The restriction of ^^p)x to odd compo- 
nents has non-trivial monodromy. 

3.7. Some twists. Let i? be a commutative algebra, Fr a topological 
i?-algebra. Assume that is isomorphic to R{{t)), so uj{F) = F* . Let 
Vr be a finitely generated projective F^-module. Then Vr is a Tate 
i?-module with respect to a natural topology whose base is formed by 
sub ii!-modules E7 • where {va} is a finite set of FR-generators of V, 
/ C Fr an open i?-submodule.^^ 

Consider the action of F^ on K by homotheties F^ ^ GL(K). Let 
F^-^ be the pull-back of the Tate super extension GL(\^)^ Its Lie 
algebra F^'^^ is a central extension of F by O. 

Remark. Super O'^ -extensions of F^ form a Picard groupoid with 
respect to Baer product (see A3). As follows from 2.10(in), V i— > F^y-^ 
is a symmetric monoidal functor (with respect to direct sum of y s) . 

The following proposition-construction is crucial for the definition 
of ^-connection. The reader who is wiUing to admit that F is a free 
F-module can use instead a much shorter equivalent construction from 
3.9(i) below. 

Denote by n the rank of Vr (as of an FR-module). We can consider 
locally constant function on Speci?. Let F"'' be the Baer n- 
multiple of the extension F^ 



We already met this topology in Example (ii) of 2.11. 
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3.8. Proposition. Every /^-relative connection D on the F^-hne det Vr 
yields a canonical isomorphism of the Lie algebra extensions 

(3.8.1) C ■ ^(V) 

such that for rj E i^{F) and E F"'^ lifting a E F one has 

(3.8.2) e^^'ia^) - Cia^) = -Res{ar]) eOc F^yy 

Proof, (a) It is convenient to use a slightly different format. Namely, 
for every /^-relative connection V on we will define a canonical iso- 
morphism of the Lie algebra extensions 

(3.8.3) : F"^ ^ F(V) 
such that for any p E uj{F) ®f EndF(V^) one has 

(3.8.4) ^^+f{a^) = e^(a^) - Restr(ap). 

Such amounts to a datum of (3.8.1) subject to (3.8.2). Namely, 
that corresponds to is determined by the condition ^^"^^ = 
where trV is the connection on deti;' V defined by V.^° 

(b) To construct we use a "geometric" interpretation of F^y-^ from 
|BSj which we briefly recall now. The picture below is compatible with 
base change, so we skip R from the notation (replacing it by O when 
necessary, see 2.10). 

Set V := RomF{V,F), V° := RompiV, uj{F)) = u{F) ®f V . These 
are finitely generated projective F-modules. As a Tate O-module V° 
is canonically isomorphic to the dual Tate O-module to V: the pairing 
V° ^ V O is v° ,v ^ Res(f°(f)). One has a usual identification 
V®fV' = End^l^. 

The diagonal embedding A : SpecF ^ Spec (F^^F) is a Cartier 
divisor. "^^ Consider an exact sequence of F®ciF-modules 

(3.8.5) ^ V®oV° ^ V®oV°(A) ^ End^V ^ 

where the right arrow is the residue around the diagonal along the 
second variable. Let 

(3.8.6) ^ O ^ Ff^) ^ F ^ 

be its pull-back by F ^ Endj^V^, f ^ f ■ idy, and push-forward by 
V®oV° ^ V ^ -Res{v°{v)). Notice that F^y-^ inherits from 

V^jiV°{A) an F-bimodule structure. It defines a Lie bracket on F'^y-^ 

^Notice that V form an uj^F) iSif Endi? y-torsor Conn{V), and V trV identi- 
fies the w(F)-torsor of 5's with the a;(i^)-torsor induced from Conn{V) by the map 
idc^(F)«'tr: uj{F) ®f Endj^F u{F). 

Fr ^ R{{t)) one has F®rF ^ ia]] [ir\ 
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with the adjoint action of f^' coming from the commutator with / with 
respect to the F-bimodule structure. So F^y-^ is a central Lie algebra 
extension of the commutative Lie algebra F. 

Now there is a canonical isomorphisms of central O-extensions 

(3.8.7) ^W^^(V)- 

Namely, for G -F^y^ the corresponding G F^y^ is defined as follows. 

Choose k = k{ti,t2)dt2 e V ^ V°{A) that lifts f. It defines an 
"integral oprator"^^ 

(3.8.8) Ak-.V^V, Ak{v){ti) := -Rest,=ok{ti, t2)v{t2)dt2. 

It is easy to see that G Qidi^) ^^"^ ~ f°°- explained in 

the end of 2.13, such defines a lifting of / to F^^yy this is our f^. 
The independence of the auxiliary choices is immediate. 

(c) Now we are ready to define (3.8.3) . Let F^' be the central 
extension (3.8.6) for V — F. Its Baer n-multiple F"**' is the push- 
forward of the exact sequence — > F^o'^iF) — F®o^{F){/^) — > 
F — > by the map F®oi^{F) O, f <^ u ^ — nRes(/z/). According 
to (3.8.7) we can rewrite (3.8.3) as an isomorphism : F"^ ^ -^(V)- 

Our will come from certain morphism of F^^F-modules : 
F®ou;(F)(A) ^ V^oV°{A). Since F®ou;(F)(A) is a free F^qF- 
module of rank 1, such is multiplication by a section 7^ G V®oV- 
This 7^ must satisfy the condition 7^|a = idy E V ®f V = EndpV 
in order to assure that is well-defined. Notice that depends only 
on the restriction of 7^ to the first infinitesimal neighbourhood A*^^-* of 
A. 

Let V be the connection on V dual to V. Denote by V the O- 
relative connection on the F(8)c)F-module V^qV defined by V and 
V'. The restriction of the relative Kahler differentials of F®oF to A 
equals a;(F) ©a;(F), so the composition of V with the restriction to A 
is a morphism V : V^oV {^(F) © <^(-F)) <^fV (^p V. 

Now our 7^ G V(t)oV is any section killed by V whose restriction 
to A equals idy- Such 7^ exists since idy is a horizontal section of 
Endi?V = V <^F V, and its restriction to A^^^ is uniquely defined. 
Thus we defined Formula (3.8.4) holds since for p = p{t)dt one has 



■Here k{ti,t2)v{t2)dt2 G F Klw(A). 
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3.9. Remarks, (i) Isomorphisms (3.8.1) and (3.8.3) are compatible 
with direct sums of Vs. Precisely, both F"** and F^y^ transform direct 
sum of y's into the Baer sum of extensions (this is true on the group 
level; see 2.10(iii) for F^-^). With respect to these identifications ^®^« 
equals the Baer sum of 

Therefore if V is a. free F-module then isomorphisms (3.8.1) or (3.8.3) 
can be described directly as follows. As we mentioned above, 2.10(iii) 
yields a canonical identification of super extensions F^p„^ _ ^xnl- 73 

every F-basis cf) : F'^ ^ V yields an isomorphism 

(3.9.1) C'^ : F^"^ ^ F^'y^ 

The corresponding isomorphism of Lie algebras is ^^■^ of (3.8.3) where 
is the connection that corresponds to the trivialization 0. You 
define then for arbitrary V using and (3.8.4). 

(ii) Isomorphisms ^'^ of (3.9.1) satisfy the property 

(3.9.2) e'{f)=^Hf){detg,fy. 

Here / e F^, e F^"^ is a lifting oi f, g e GL(n, F) is an invertible 
matrix, detg' e F^ its determinant, and { , I*" is (3.1.2) . Indeed, we 
can rewrite our statement as the equality {g, fvY = {det^f, fY where 
the l.h.s. is the Tate commutator pairing in GL(n, F) C GL^(F") (and 
/ there means f ■ idpn) . This property is clear for the diagonal and 
unipotent matrices g from 2.10(iii),(iv). This proves our statement 
in case when i? is a local Artinian ring (then F = -R((^)) is also lo- 
cal Artinian, so every g is a product of unipotent and diagonalizable 
matrices). The general case reduces to that one as follows. 

Notice that the pairing GL„(F) x F^ ^ R^, g^f ^ is 
continuous. Precisely, for every g, f there exists N ':$> such that for 
every /? G t^Mat„(i?[[t]]), a G t^R[[t]] one has g+f3 G GL„(F), f + a G 
F^ , and {g, fY = {g + P, f + a}^- Same is true for {det g, /}^ So we 
can assume that all but finitely many coefficients of / and entries of g 
are non-zero. Replacing R by its subring generated by these coefficients 
and the inverses of the top non-nilpotent coefficients of det g and / we 
can assume that R is finitely generated over Z, hence R is Nocthcrian. 
We want to prove that two elements of i?^ are equal. It suffices to check 
this on every infinitesimal neighbourhood of every point of Spec R, and 
we are done. 

(iii) The involution $i, from 3.6(ii) can be easily described in terms 
of the identification F^ = F^' (case F = F of (3.8.7)). Namely, for 

^^The latter extension is the Baer n- multiple of 
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V = i'{t)dt 5y comes from the involution of F®ruj{F){^) which sends 
/(ii, t2)i'{t2)dt2 to f{t2, ti)u{t2)dt2. Therefore the s,^-fixed section : 
F F^' from 3.6(i) is 

(3.9.3) m ^ + + m'^)dt2. 

3.10. The canonical fiat connections. Let us rephrase the material 

of 3.5 and 3.8 in a format to be used in sect. 4. 

Our input is a triple {R, F, V) where i? is a Q-algebra, F = Fr & 
topological i?-algebra, V — V{F) a finitely generated projective F- 
module. We assume that locally in the fiat topology of Spec R our Fr 
becomes a finite direct product ITFj where every Fi is isomorphic to 
R{{t)). All our constructions arc Spec /?-local. so we can assume that 
the above decomposition holds on Spec R itself. Then V = UVi where 
Vi is a finitely generated projective Fj-module. 

By 3.3(iii) one has a canonical identification F* — uj{F) = na;(Fj). 
Recall that F^ = TIF^^ is a formally smooth group ind-scheme. We 
have an F^-torsor F*^ = uj{F)^ = Iluj{Fi)^. 

As in 3.7 we notice that y is a Tate i?-module in a natural way, so 
the -action on V by homotheties F^ ^ GL{V) defines the super 
extension F^^ of F^. The embeddings F^^ F^ lift canonically 
to mutually commuting embeddings F^^^ ^ F^^^ (see 2.10(iii)). For 

/ e F"" we denote its super line in F^-^ by X'-p , so A[]^| = ■ 
Let S be any super line bundle S on uj{F)^ equipped with an action 

(V) 

(V) 

f c 



of F^-^ which lifts the action f^v^ /"V of F^ on cj(F)^.''^ We are 
not interested in its nature at the moment. Notice that an F^^**^ -action 
on £ amounts to a collection of mutually commuting actions of F^^ 



lifting the F^^-action along cj(Fj)^. 

The key structure on £ that arises automatically is: 
a rule that assigns to every connection D ( relative to R) on det V a 
flat connection V° on £. 

Let us define V° assuming that F is isomorphic to R{{t)). In gen- 
eral case this will define V° separately in every c<j(Fj) ^-direction. Since 
Lv{F)^ = nci;(Fj)^ this determines our connection; its fiatness is imme- 
diate from the construction. 



'''^Pulling back the Tate extension GL\V). 

"^^By definition, such £ is a rule that assigns: (i) to every point v € a;(F)^ (i?') a 
super i?'-hne (ii) to every / G F'^{R) an isomorphism A^^'' -6^ ^ ^j-^u: (iii) ^o 
every morphism r : R' ^ R" an isomorphism En, = R" . This datum should 

satisfy the obvious compatibilities. 
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Denote by the formal completion of . Let F^^, F^^ be the 
restrictions of the super extensions F^^, F^^ to F^; these are central 

O^-extensions of F^ . Since we are in characteristic 0, the isomorphism 
of Lie algebras (3.8.1) amounts to an isomorphism : ^ (v)- 

The Fj-^y action on S yields, via an action of F^"'' on £^ which is the 
same as an action of the corresponding groupoid Q^\^p)x (see 3.5). Now 
the canonical formal rigidification ^a;{F)x ~^ ^ij(F)x 3.5 provides 

an ^j^(ir)x -action on S. According to Grothendieck |Grj . such action 
amounts to a flat connection. This is our V°. 

The construction of is compatible with base change. 

Remarks, (i) The connection V° acts on S by the structure F^y 
action via a family of splittings V° : F — > F^y-^, v E uj{F)^, where 



(3.10.1) v^=eM• 

Here : F ^ F' ^ F"'' was defined in 3.6(i). 

(ii) For X ^ ^{^) ^"^^ a E F one has (see (3.8.2)) 

(3.10.2) V^^(a)=V^(a)-Res(ax). 

(iii) Suppose that F = R{(t)) and V = VR((t)) where Vr is a pro- 
jective i?-module of rank n. Set O := R[[t]] C F, V{0) := VR[[t]] C V. 
According to (2.13.3) we have a section Sy^o) '■ ^ -^(^V ^ 
an 0^-equivariant bundle. Set x'' •= ^(7)/7 ^ ^(-^) where 7 is any 
trivialization^^ of det Vr. Then for a E O, f E F^ one has 

(3.10.3) V%t{a) = 4(o)(a) - Res (ax' + -adlogf). 

Indeed, if D came from a trivialization of Vr then it is formula (3.6.2); 
the general case follows from (3.10.2). 

In particular, if d is non-singular with respect to det V{0) C det V 
(i.e., x^ ^ ^{O)) then the restriction of V° to the 0^-torsor uj{0)^ C 
uj{F)^ coincides with the "constant" connection defined by the O^- 
action on S. 

(iv) Of course, to define we need only the action of F^'" on £. 
The whole F^ ''-action will be used in the next subsection. 



'7 exists locally on Spec R. 
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3.11. The global picture. NowwehaveX, L',L'"asin3.4. We assume 
that D is etale over Spec R. Let y be a vector bundle on [/, i.e., we have 
a finitely generated projective C([/)-module V{U). Then F :— Fr, and 
V{F) := F ^o(u) V{U) satisfy the assumptions of 3.10. 

Set F^^^ := Since V{U) C V{F) is a d-lattice, (2.13.3) lifts 

the embedding 0{U)^ ^ F^ to a splitting^^ 

(3.11.1) s'y^^y. 0{Ur ^ F^^y 

Consider any £ as in 3.10. Then 0{U)^ acts on £ via the splitting 
: 0{Ur ^ F^^\ defined by (3.11.1). 

Let uj = uou/R be the canonical bundle. We assume that uj{U) is a 
free 0{U)-module (of rank 1), i.e., the set of generators uj{U)^ C l>j{U) 
is non-empty. Then u}{U)^ C uj{F)^ is an 0(?7)^-torsor. 

Consider the restriction S^{jj)y. of £ to ijj{U)^ . The C([/) ^-action 
yields a "constant" fiat connection on £uj{uY which we denote by V°. 

Suppose we have a connection c) on the line bundle dct V on U . Let 
be the connection on £ that corresponds, by the above, to the 
restriction tJ^r of 5 to F. 

3.12. Lemma. The restriction of V^^ to u{UY is equal to V°. 

Proof, (a) By (3.10.2) and the residue formula the restriction of 
to uj{U)^ does not depend on 9. 

(b) Assume that K is a trivial vector bundle on U . Fix an iso- 
morphism ^ V and let c) be the connection that corresponds 
to the trivialization det0 of detV. Then yields an identification 

. Fxn\> ^ ^^xb^ Qf (3.9.1), hence we get an F><"^-action on £. By 

3.9(i) our comes from this action via the canonical formal rigidifi- 
cation (see 3.5). We are done by the discussion at the end of 3.5, since 
^'f' identifies sections s^f^^y and Sy^^uy. 

(c) Let us reduce the general situation to the case of trivial V. Our 
X,D,V, some u e oj{U)^ , and £^ are defined over a finitely generated 
subring of R. Since £ is an equivariant bundle over a torsor, we see 
that the whole our datum is defined over this subring. Therefore we 
can assume that i? is a finitely generated Q-algebra. Then in order 
to check that two connections are the same it suffices to do this on 
ifinitesimal neighbourhoods of points in Speci?. So, by base change, 
we can assume that i? is a local Artinian Q-algebra. Then one can 
choose D' = DU D" such that V is trivial on U' := X \ D' d U. It 



^■^For V = Ou this is (3.4.2). 
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remains to show that our statement for {U, Vu) follows from the one 
for {U',Vu'). 

Set F = Fd, F' = Fd', F" = Fd"] let O" C F" be the product of lo- 
cal rings, so we have V{0") C V{F"). The projection V{F') ^ V{F) x 
V{F")/V{0") is preserved by F^ x O ^-action, so the restriction of 
F'^y~l' to F^ X O"^ equals the pull-back of F^y'^^ The exact sequence 
^ V{U) V{U') V{F")/V{0") -> shows that this isomor- 
phism identifies the restriction of Sy^jj,^ to 0{U)^ C 0{U')^ with s'^^^^y 

Let S' be an F^^^^-equivariant super line on u^F')^ = u{F)^ x u{F")^ 
whose restriction to uj{F)^ x uj{0")^ coincides with the pull-back of 
S. Now on uj{F)'^ X uj{0")^ the 0(?7) ^-action on S' (which comes 
from the (9(f/') ^-action) coincides with the (9(f/) ^-action on S, and 
for every connection D on det V the connection V''^" on S' coincides 
with the connection V''^ on S. We are done. □ 

4. The ^-factors 

From now on we work over a base field k of characteristic 0. "Abso- 
lute connection" means a connection relative to k. 

4.1. The e-lines. Let K he a field, F := K{{t)), O := K[[t]] C F; 
we consider F as a topological i^-algebra. Let u = uj{F) := uj{F/K) 
be the 1-dimensional F-vector space of Kahler differentials, uo = Fdt, 
DeT{F/K) = Hom^(u;, F) = Fdt the one of vector fields. 

Suppose V is an F-vector space of dimension n equipped with a 
connection V : V —>■ uj (S>f V. For a non-zero z/ G let := u^^ be 
the corresponding vector field. Consider \^ as a Tate i^'-vector space 
(see 2.11), so we have a continuous operator t^, = V{t^) : V V. It 
is well-known''^ that the corresponding asymptotic operator acting 
on V°° (see 2.13) is invertible. So we have the Z-graded super i^T-line 

(4.1.1) £iV,V), = 8{V), := det(V°°,0 

called the e-line of (V, V) at v. 

Remark. The determinant super ii'-line of the de Rham cohomology 
deti7^^(V^) is canonically trivialized (see 5.9(a)(iv)). 

Sometimes it is convenient to compute S{V)i, as follows. Set r = t,^. 
Denote hj T>f the associative i^'-algebra of differential operators; let 
Vf^ be its standard filtration by degree. So F and V are left Vp- 
modules. It is well-known (see e.g. jPT] p. 42 or ^ III 1.1) that V 
is generated by a single vector e. Then e, re, .., r"~^e is an F-base 

'''^i.e., we trivialize -^(^0^ over O ^ by means of Sy^^y see Remark (iii) in 3.10. 
'^^and follows from the fact that V is generated by a single vector, see below. 
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in V, SO r"e = a„_ir"^-'^e + .. + a^e for certain = aj(t) G F. Set 
:= {—1)^^^t'"' + Yl £ T^F- This is a non-zero differential 

i<n—l 

operator, so the corresponding asymptotic operator^° is invertible, and 
we have the Z-graded super ii"-hne det(F°°, A'^). 

4.2. Lemma. There is a natural isomorphism of Z-graded super lines 



(4.2.1) S{V, V), = det(F°°, A^). 

Proof. By definition, £{V)^ = det(y/ Lv,V/ Lv,t°°) where Ly C V 
is any c-lattice. Take for Ly the sum Lpe + T^Lpe) + .. + r^'^^Lpe) 
where Lp C F is any c-lattice in F. To compute our determinant 
line consider the Tate sub module V := Fe + T{Fe) + .. + r"'~^(Fe). 
Since r induces isomorphisms V TiV') and Ly nV ^ Ly H riV') 
we see that^^ S{V)^ = det{V/{Ly © T{V')),V/{Ly + V'),t'^). The 
identifications F ^ V/V, f ^ r"-i(/e), and F ^ V/t{V'), f ^ 
fe, are compatible with c-lattices, and r(r"'~^(/e)) is equal to Ar{f)e 
modulo t{V'). Therefore S{V)^ = dei^F/Lp, F/Lp, A^), which yields 
(4.2.1). We leave it to the reader to check that our identification does 
not depend on the choice of Lp- □ 



4.3. Corollary. The degree of the Z-graded super line Siy,^)^ is 
equal to i(V) + (v{i') + l)n where i(V) is the irregularity of V,^^ and 
f (z/) the valuation of u.^^ 

Proof. Write z/ = fdt/t, so = f~Hdt. The degree of £{y)y is the 
index of the operator t°° acting on V°° . The index of (/^^)°^ acting 
on V°° is equal to v{f)n. Thus it suffices to check 4.3 for u = dt/t. 

By 4.2 the degree of S{V)dt/t is equal to the index of the operator 
A'^^. On the other hand, acording to |Dlj p. 110 or jM] IV(4.6), one has 
i(V) = sup(0, —v{ai)) where ai E F are coefficients of Atg^. Notice that 
AtSt shifts the filtration on F by i(V), and the corresponding 

operator between the associated graded quotients P K — > P~^^^^K is 
non-zero for almost all j's. So the index of A'^^ equals «(V), q.e.d. □ 



We consider F as a Tate X-vector space. 

^^Use (2.9.1) for M = iV = V/Ly, /°° = r°°, and 1-term filtrations iVi 
V'/Ly nV d N, Ml := dt(y')/Ly n t{V') C M; then apply (2.6.2) to trivialize 
the line det(Mi, A^i, r°°|ArJ by det(T|jVi). 

'^^See e.g. jHl] or [H IV, sect. 4. 

^^i.e., V = ct^'^^^dt+ higher order terms, c ^ 0. 
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4.4. Families of e-lines. Let us consider the picture of 4.1 depending 
on parameters. So we have (i?, F, V, V) where {R, F, V) are as in 3.10, 
V is an i?-relativc connection on V . 

For V G uj{F)^ (it exists flat locally on Speci?) let := e 
Der(F/i?) be the corresponding vector field, so we have V{Ty) : V ^ V. 
We say that our Spec i?-family is e-nice if the asymptotic operator 
V(r,y)°° : V°° V°° is invertible (here we consider V as a, Tate R- 
module, see 2.11, 2.13). This property does not depend on the choice 
of u and it is local with respect to flat topology of Spec R. 

In ff-nice situation for u e cj(F)^ we have Z-graded super i?-hne 

(4.4.1) £{V, V), = £{V), := det(\/-, V(r,)~) 

called the e-line. The base change of an e-nice family is £-nice, and 
£- lines are compatible with the base change. 

Remark. The above construction is compatible with disjoint union of 
families of formal discs. Namely, assume that we have a flnitc collection 
of families {F^r,V,Vc,). Set Fr := UF^r, V := UV^, V := nV„. 
Then uj{F)^ = Ilu{Fa)^ , {F, V, V) is £-nice if and only if such is every 
{Fa, Va, Vq,), and, by (2.6.3), there is a canonical isomorphism 

(4.4.2) S{V,V) = m{Va,Va). 

How can one determine if a family is e-nice? We know (see 4.1) that 
this is always true if i? is a fleld, hence if R is an Artinian algebra (see 
Remark (b) in 2.5). Thus every family is £-nice at the generic point. 

According to 2.5(ii), a Spec i?-family is £-nice if and only if for a 
c-latticc^'' L C K the quotient i?-module V/{L + V{t^){V)) is finitely 
generated, and the irregularity function i : Spec R — * Z, a; i— i(Va;), 
is locally constant (see 4.3, 2.4). The latter condition is superfluous 
if R is Noetherian (see Remark (c) in 2.5). The absence of jumps of 
irregularity alone does not imply the family is £-nice.^^ 

Remarks, (i) If i? is a local ring then we are not aware of any example 
of a family with constant irregularity which is not e-nice. 

(ii) If V comes from an absolute connection on V then it looks prob- 
able that the absence of jumps of irregularity implies that the family 
is e-nice. 

4.5. The e-connection. Assume that we are in situation of 4.4 and 
our family is e-nice. The compatibility with base change shows that 
£{V)i, form a Z-graded super fine bundle over the F^-torsor uj{F)^. 



We consider F as a Tate i?-module. 

'E.g., consider R = Spec A;[a;], F = R{{t)), V = F, V{dt) = dt+ x/t. 
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Let US show that S{V) is canonically rigidified with respect to infini- 
tesimal variations of u, i.e., S{V) carries a canonical flat connection 
relative to Speci? called the e-connection. 

Our problem is local with respect to flat topology of Spec R, so we 
can assume that Fr is isomorphic to a product of several copies of 
R{{t)). Consider the super extension of F^ (see 3.7). Now the 

F^-action on a;(F)^, /, i— > lifts canonically to an F^^^action 

on £{V). Namely, for / e F^, i/ e uj{F)^ one has Tf-ii, — fr^,, hence 
V(rj-i,^) = /V(t,^). Our action is the product map 

(4.5.1) det(y°°, D ■ det(y°°, V(r,)~) ^ det(l^°°, V(rj-i,)~). 

So our £ flts into the setting of 3.10. Let :=trV be the connection 
on dety deflned by V. Our is the connection V° from 3.10. 

Remark. is functorial with respect to isomorphisms of (F, V, V) , 
and compatible with base change and disjoint sum identiflcation (4.4.2). 

Consider the group ind-scheme Aut(F) on Speci?, Aut(F)(i?') := 

Aut(FR/) (see 3.2). Let Aut(F)" be its formal completion; this is 
a formal group whose Lie algebra is the Lie algebra of vector flclds 
0(F) := 'Dqi^Fr/ R). The group Aut(F) acts on the ind-scheme 
uj{FY. 

This action can be lifted to an action of the formal completion 
Aut(F)"on £{y) in the following two ways: 

(a) Using V one lifts the action of Aut(F)"on F to V . This action is 
compatible with V, so Aut(F)"acts on 8{V) by transport of structure. 

(b) The £-connection lifts the Aut(F)^-action on u{FY to S{V). 

4.6. Proposition. The above two Aut(F) "-actions on 8{V) coincide. 

Proof. It suffices to check that the two actions of the Lie algebra ©(F) 
on £(y) coincide. For 9 E 9(F) let 9'^"'\9^^^ be the corresponding 
actions of 9 on £{V). Then k{9) := 9^"^ - 9^^^ is an (9- linear endo- 
morphism of EiV), i.e., a function on a;(F)^. We want to show that 
K : Q{F) ^ 0{oj{FY) vanishes. 

Action (a) preserves (sec Remark in 4.5), so for every ^, 9' G 0(F) 
one has p''\9'^^^] = [9,9']^^^ which is [9^^\9'^% Hence 9'{k{9)) = 0, 
i.e., the image of k belongs to the subspace of 0(F)-invariant functions. 

Therefore the two actions coincide on the commutator [0(F), 0(F)]. 
We are done since 0(F) is a perfect topological Lie algebra. □ 
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Remark. Using definition (a) we see that the Aut(F) "-action on S{V) 
is compatible with the F^^^'^-action from 4.5, i.e., S{V) carries a natural 
action of the semi-direct product of Aut(F)" and F^y^^ 

4.7. More on the ©(F)-action on S{V). First let us discuss the 
©(F)-action on u}{F)^. Consider a formally smooth morphism 

(4.7.1) r : uj{Fy Ajj, x{u) := Res(z/), 

invariant with respect to the Aut(F)-action. 

Take any u e a;(F)^. The tangent space to u equals F.^'' So the 
©(F)-action yields a morphism C„y : Q{F) F. 

Lemma, (i) The image of C,y equals Ti,{F) C F. It coincides with 
the tangent space to the fiber of r at hence Aut(F)" acts formally 
transitively along the fibers of r. 

(ii) The kernel of („, i.e., the stabihzer of u in ©(F), is Oti, C ©(F). 

Proof. The differential to t at u equals the functional r^ F ^ R, 
f I— > Res(/i/), so the tangent space to the fiber of r at equals Kerrj,. 
For e ©(F) one has (A^) = Cieeiv)/^ = -d{iy0)/u. Therefore 
the multiplication by z/ isomorphism identifies with the de Rham 
differential F (^(F). This implies our assertions. □ 

Let us describe the ©(F)-action on S{V) directly in terms of the 
Ff^)-action on E (see (4.5.1)). Since E{V) is a F^^^torsor, the ©(F)- 
action can be considered as a rule that assigns to £ a;(F)^ a lifting 
e:©(F)^F(V) ofC.:©(F)^F. 

Lemma. The kernel of C,^ coincides with the kernel of Ci/, and its 
image coincides with image of r^, acting on F^yy Thus (I is the com- 
position of Ci^ and the inverse to the isomorphism T,^(F|y^) ^ Tv{F). 

Proof. Consider the section V% : F -^(V)- According to 4.6 one has 
= V^Ci^, so Ker^l^ = Ker^,^. Since is r;y-invariant (see Remark 
in 4.6) and kills O C F^yy one has r^(Ff^)) = V^(t^(F)). Since 
C,y{Q{F)) = Ty{F) by the previous Lemma, we are done. □ 



^^Aut(F)' acts on F^^y-^ since it acts on V via V. 

^^a G F corresponds to a derivative (f) i— > de(f){{l + ea)v). 
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4.8. The absolute ^-connection. Suppose that V carries an absolute 
flat connection V"*'' that extends V. Let us show that the super line 
bundle V) on u{F)^ acquires then an absolute flat connection 
which extends the relative e-connection. 

So let T be a test fc-algebra, J C T a nilpotent ideal, and t, f G 
uj{F)^(T) two T-points that coincide mod /. We want to deflne a 
canonical isomorphism 

(4.8.1) S{V,V)t^SiV,V)t' 

which is the identity mod I, satisfles a transitivity property, and is 
compatible with the base change (see |Grj ) . 

Let tR, t'j^ : R ^ T he the corresponding T-points of Spec R. Let 
Ft := F^IrT, Vt , Vt be the tij-pull-back of F, V, V; this is an 
£-nice T-family. Deflne F^, V^, using instead of t^. The two 
families coincide mod /. Since F is formally smooth the identiflcation 
Ft/ I = F^^j can be extended to an isomorphism of topological T- 

algebras cf) : Ft F^. Now the absolute connection V"''^ lifts (p to an 
isomorphism 0\/ : Vt — ^ which extends the identity isomorphism 
Vt/i = V^//- It is automatically compatible with Vt, V^. 

Let 0^ : ujp^ ^ Up, be the isomorphism of T-ind-schemes deflned 
by (p. We have the 0^-isomorphism of e-lines deflned by (py 

(4.8.2) (f)\. : S{Vt, Vt) ^ S{V^, V^) 

which extends the identity isomorphism mod / and is compatible with 
the e-connections. We can consider t, t' as T-points of ujp^, Up, . They 
coincide mod J, so (py and V^ yield an identiflcation 

(4.8.3) S{VT,VT)t ^ S{V^,VT)^^it) ^ S{V^,VT)t'. 

The super lines from (4.8.3) equal the super lines from (4.8.1) by base 
change, so we have deflned the promised isomorphism (4.8.1). It does 
not depend on the auxiliary choice of 0: indeed, various (p are Aut(TT)"- 
conjugate, so the assertion follows from 4.6. The transitivity and base 
change properties are clear. 

4.9. The standard isomorphisms. Here is a list (cf. 1.1): 

(i) Direct sums. Let Tr be as in 4.5, and (V^, Va) is a flnite collection 
of T-modules with relative connection as in 4.5 such that every every 
(Vay'Va) is £-nice in the sense of loc. cit. Then (V, V) := (©Ki, ©Va) 
is e-nice, and, by (2.6.3), we have a canonical isomorphism of Z-graded 
super lines 

(4.9.1) 8{V,V) = (^S{V^,Va) 



f-FACTORS FOR GAUSS-MANIN DETERMINANTS 



53 



on uj{F) ^ compatible with ^-connections. This isomorphism is compat- 
ible with the constraints, so £^ is a symmetric monoidal functor from 
the category of (V, V) with respect to direct sums to that of super lines 
with connection on uj{F)^ . If our V's come from absolute connections 
then (4.9.1) is compatible with the absolute ^-connections. 

(ii) Filtrations. Let {Fr, V, V) be an £-nice family and assume we 
have a filtration on V compatible with V such that (Fr, grV, grV) is 
£-nice.^^ Then (2.9.1) yields a canonical isomorphism 

(4.9.2) £{V,V)^£{gTV,gTV) 

compatible with e-connections. If our V's come from absolute connec- 
tions then (4.9.2) is compatible with the absolute £-connections. 

(iii) Induction. Let {F^, V, V) be an £-nice family, Fr another 
topological i?-algebra as in 4.5, and — ^ F^ a morphism of topological 
i?-algebras. It is automatically etale. Denote by V our V considered 
as an F-module; it carries the induced connection V. One has an 
embedding u;{F)^ ^ uj{F')^. Now there is a canonical isomorphism^^ 

(4.9.3) S{V',V)Uf)><^S{V,V) 

compatible with e-connections. If V comes from an absolute con- 
nection, then it defines an absolute connection on V, and (4.9.3) is 
compatible with the absolute e-connections. 

(iv) Non-singular situation. Assume that Fr is isomorphic to R{{t)) 
and (V, V) is non-singular, i.e., F^rV^ ^ V. Let a;(F)° C Lv{Fy be 
the 0*'' connected component, i.e., the component of dt. Then there is 
a canonical isomorphism of Z-graded super lines 

(4.9.4) S{V, V) U(p)o = (det V^U^^o 

compatible with the relative connections (the e- and the trivial one 
respectively). If V comes from an absolute connection then (4.9.4) is 
compatible with the absolute connections. 

To establish (4.9.4) we choose an isomorphism R{{t)) — >■ Fr; let 
O C F be the image of R[[t]]. Set V{0) := O^rV^ G V. Then V{dt) 
preserves V{0), the induced operator V{dt) on V/V{0) is injective, 
and ^ t-^V{0)/V{0) ^ Coker(9t : V/V{0) V/V{0)) where 
the left arrow is multiplication by t^^. The composition yields 

(4.9.5) S{V, VU = det(V^/l^(0), V{dtD ^ det . 
^^Probably, the latter condition is automatic. 

S^Take any i/ G w(F)^ C lu{F')''; let e Dev{F/R), < G Der(F7i?) be the 
corresponding vector fields. Then V(t^) = V'(t^), hence the £-lines are the same. 
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Our connection comes^° from a trivialization of V. By 3.9 (i) and 
discussion at the end of 3.5^^ the connection is "constant" along 
the fibers of a;(F)° ^ Speci?. We define (4.9.4) as the horizontal 
morphism which is (4.9.5) at dt.^'^ 

Let us check that our isomorphism does not depend on the auxiliary 
choice of t. Since V is non-singular, the action of Aut(F) on F hfts to 
an action on V — F <^ii which preserves V. Thus Aut(F) acts by 
transport of structure on £^(l^, V). This action preserves V*^, and the 
induced action on ^(^5 V)J^'p,-)0 is trivial by 4.6.^^ Since Aut(F) acts 
transitively on the set of t's, and the action of g E Aut(F) on S{V) 
sends the isomorphism (4.9.4) defined by means of t to that defined by 
means of g{t), we are done. 

(v) The product formula. Assume we are in a global situation as 
discussed in 3.11, so we have a family X of smooth projective curves 
over Spec/?, a relative divisor D G X such that the projection D 
Speci? is etale and surjective, and a vector bundle V on U := X \ 
D. Let V be a (relative) connection on V. Consider the morphism 
V : V{U) — > (a; ® V){U) of projective _R-modules.^^ We say that our 
situation is e-nice if V is a Frcdholm morphism. Then one has the 
corresponding Z-gradcd super i?-line 

(4.9.6) det{RTaR{U, V)[l]) := det((u; (g) V){U), V{U), V°°). 

Since V{U) C V{F) is a d-latticc, i.e., V{U)°^ ^ V{F)^, we see 
that (f/, V, V) is £-nice if and only if (F, V{F), V) is £-nice in the sense 
of 4.4. Below we assume this. 

4.10. Proposition. There is a canonical isomorphism of Z-graded su- 
per lines on u!{U)^ (the product formula) 

(4.10.1) S{V{F),V)Uu)x ^ det{RraR{U,V)[l]Uu)x 

where the r.h.s. is the pull-back of the determinant i?-hne to uj{U)^. 
This isomorphism is compatible with the relative connections (the 
l.h.s. carries the e-connection, the r.h.s. the trivial one). 

If V carries an absolute integrable connection which extends V then 
(4.10.1) is compatible with the corresponding absolute connections (the 

^'^Locally on Spec R. 

^^Notice that w(F)0^^ = w(0)^ed- 

^^The fibers of uj{F)^ — > Speci? are connected, so this defines (4.9.4) uniquely. 

^"^Recall that Aut(F) is connected. 

^^The i?-projectivity follows since 0{U) is a projective i?-module and V{U) is a 
projective 0(f7)-module. 
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e- and the GauB-Manin one). Thus (4.10.1) describes the determinant 
of the Gauss-Manin connection in terms of the absolute ^-connections. 

Proof. A trivialization v e uj{UY identifies V : V{U) {uj ® V){U) 
with V(t^) : V{U) V{U) where := v'^ e Der(C//i?), so we 
get det{RTdRiU, V)[l])^ = det{V{U), V{U), V(t^)~). The latter super 
line is identified with S{V{F),'V)i, via the asymptotic isomorphism 
V{U)°° ^ 1/(F)°°. 

The compatibility with relative connections follows from 3.12. It 
implies immediately the compatibility with absolute connections. □ 

4.11. Remark. The above standard isomorphisms are mutually com- 
patible in the obvious sense; they are compatible with the disjoint 
sum identifications (4.4.2). In particular, if D is a disjoint union 

of sections Xi then F = UFi (the product of local fields at Xi) and 
S{V{F),'V)u = <8)^(^(Fi), V),y, hence the name "product formula" for 
(4.10.1). 

4.12. Duality. Suppose that we have a family (F, V) such that 
H'^j^{V,'V) = 0, i.e., V : V ^ u ^ V is an isomorphism. Let V 
be the dual vector bundle equipped with the dual connection V'. It 
satisfies the same property. For u e u;{F)^ the Tate i?-module V 
identifies with the dual to V via the pairing v,v' i— Res(f '(f )z/), and 
V'(rj,) is the operator adjoint to — V(ri,) — V(t_i/). So (2.13.5) yields 
a canonical identification of super lines 

(4.12.1) E{V',V), = £{V.\/)-_l. 

We leave it to the reader to check that it is compatible with the e- 
connections. 

Suppose now we are in the global situation of 4.9 (v) and the local 
de Rham cohomology vanish, i.e., V : V{F) ^ (a; (g) V){F). Thus 
HmiU, V) = H^r{U, V) = and the global Poincarc duality identifies 
H^^{U, V) with the dual to Hl^{U, V). Passing to determinants we get 
a canonical identification det RTcir{U,V') = det RTfiR{U,V)~^ . The 
product formula is compatible with these identifications. 

Remark. We have formulared compatibility (4.12.1) in the situa- 
tion when the local de Rham cohomology H'^^iV, F) vanish. If the 
base ring i? is a field (or, more generally, an Artinian algebra) then 
(4.12.1) holds for arbitrary (V", V) by (2.13.6) since the local super line 
det(y, V(ti,)) = det H'^j^(V) is canonically trivialized (see 5.9(iv)).^^ 



^^Probably, this is true for arbitrary R under the assumption that both V and 
V are e-nice. It also looks probable that V is £-nice iff such is V. 
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4.13. Questions, (a) What happens when singular points merge to- 
gether, i.e., we do not assume that D is etale over Speci?? 

(b) Is it true that {S, V^) is uniquely determined by compatibilities 
(4.4.2), (4.9.1)-(4.9.4), (4.10.1)?^^ 



5. Some formula (with apologies to Charlotte) 
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In this section we assume, for technical reasons, that our parameter 
space^^ is Spec K where is a field. The case of an arbitrary smooth 
parameter space reduces to this situation (since a line bundle with 
connection on a smooth variety is determined by its restriction to the 
generic point). 

5.1. Dependence on u. Let F be a local i^- field, Vp an F- vector 
space of dimension n equipped with an absolute connection V. We 
have the e-line £ = S{F,Vf)] this is a super line with an absolute 
integrablc connection on the ind-scheme of invertible relative 1- 
forms u{F)^. Our aim is to compute its fiber £i, = £{F, Vf)^ over a 
X-point 1/ of a;(F) ^ which is a super X-line equipped with an integrable 
connection. 

When doing computations it is convenient to choose z/ in a special 
way, e.g. to make it fixed by horizontal vector fields. One can pass then 
to arbitrary u using Proposition below. 

Choose a parameter t & F. Then F = K'[{t)) where a finite exten- 
sion K'/K is the integral closure of K in F. Set O := K'[[t]] C F. Be- 
low we make vector fields on K act on F so that for 9 e Ok —T)exK/ k 
one has 9{t) = 0. Hence Qk acts on uj{F)^ . Differential 1-forms and 
vector fields on SpecF and uj{F)^ decompose into "horizontal" and 
"vertical" components accordingly. For 1-forms on Spec F these com- 
ponents are denoted by lower indices x and t. E.g., for / e F we write 
df = dj + dtf where dJeF® Q]^/^, dtf G uj{F) = Q],/^. 



Choose an 0-lattice Vq C Vp- It yields a section Sy^ : ~^ 

iai 

Sy^ defines an O^-equivariant structure on £.^^ 



(Vf) 



see (2.13.3), 3.7). Since £ is an F^ -,-equivariant line bundle (see 4.5), 



^^One can show that the connection on our £ (defined in (4.4.1)) is uniquely 
determined by the condition that it is compatible with the standard isomorphisms. 

^'^The authors refer to "Charlotte's Web", an acclaimed novel by E. B. White 
ruminating over the problems of a person in quest for tenure. 

^^This is Spec R of the previous section. 

^^Recall that the O^-action on £ lifts the O^-action m, i/ 1— > u~^v on w(F)^. 
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Assume we have z/, u' G uj{F){K) such that v{u) = viv') =: i. Then 
u :— i/'/u e O^, i.e., u — Uq + uit + .., Ui e K\ uq ^ 0. So the 
equivariant structure provides an isomorphism 

(5.1.1) a" = <^ := : ^ E,. 

We want to see to what extent a" is horizontal with respect to connec- 
tions V^, i.e., to compute V^loga" := (V^ci;")/q;" e 

Set X = + Xt := (trV) log 7 G ^^/^ where 7 is any generator of 
det Vb. This is a closed 1-form; its class modulo ^qi^. does not depend 
on the choice of 7. 

5.2. Proposition. One has 

nl 

(5.2.1) V'^loga" = trK'iKi-^dlcgUQ + Res(dlogii A x))- 

Proof. By base change we can assume that K' — K. 

Take any a G K^t]] — O C F, a = Oq + + ... Consider a as a 
vertical vector field on oj^F)^ (the corresponding derivative is 1— > a0, 
a0(z/) := (9e0((l + ea)z/)). It acts on £ according to V^: namely, V^(a) 
is the action of V^(a) G F^^y^ on 8 (see 4.5). Our a also acts on 8 
according to the -equivariant structure, i.e., as Sy^Q^{a) G F'^{yy 

Prom now on we work on the connected component i-^(-^)^ed of the 
reduced scheme u{F)^^^ (the action of a preserves u;{F)l^^). By (3.10.3) 
and 4.5 one has^°° 

y 

Let r be a non-zero O ^-invariant section of 8. Then r^y, r^i are 
trivializations of, respectively, 8^, and 8^^ which are identified by the 
isomorphism a". Set t/j :— logr. One has logo;" — t/jj^ — ip^'- 

Our tp \s a. closed 1-form on the O^-torsor a;(F)^g^. By (5.2.2) the 
vertical part of ip is an -invariant form whose value on the vertical 
vector field a E O equals —^'^o — Res(axt)- If V^' is any other 1-form 
with these properties then — ^ is the pull-back of a 1-form on Spec K, 
hence log a'" — ipl — ip'^, . 

Let us construct such ip' . Fix z/' and consider z/ as a variable point 
of uj{F)l^^. The scheme uj{F)1^^^kO carries a canonical invertible 
function u: for u G u{F)l^^ the restriction of u to the fiber over u is 
the function u' / v. The pull-back of x from F to uj{F)1^^®kF is a closed 



(5.2.2) V^(a) - 4(o)(a) = -—do - Res(axt). 



I00jjgj.g ^Yie l.h.s. is a (constant) function on (jj{F)^^^, in the r.h.s. a is considered 
as an element of F. 
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1-form which we denote also by %. Set ip' := Yd\ogUo + Kes{d\oguAx) 
where Res is the residue along the fibers of lj{FY^^^®kF — > a;(F)^g^. 
Incerting u' into ■0' we get (5.2.1). □ 

5.3. Case of regular singularity. We use notation from 5.1. 

Suppose that (the vertical part of) V has regular singularities. Then 
one can find an 0-lattice Vq d Vp such that Vq is preserved by the 
action of V{tdt) and horizontal vector fields Qk- 

Consider a fT'- vector space Vq := Vo/tVo- The action of horizontal 
vector fields define a connection Vo on Vq. The action of S/{tdt) defines 
a Vo-horizontal endomorphism of Vq which we denote by k}^^ 

Remark. Recall a standard way to construct such Vq. Let K' be an 
algebraic closure of K'. Choose any (set-theoretic) section s : K'/Z — > 
K' that commutes with the Galois action. Let Vk' be the sum of 
generalized s(A)-eigenspaces of V{tdt), A G K'/Z. Then Vk' is a K'- 
structure on Vp. Our lattice is Vq := 

Consider a Fredholm endomorphism V{tdt) of Vf/Vq- Its determi- 
nant line is canonically trivialized. Namely, Vp/Vo decomposes into 
a direct sum of generahzed eigenspaces of V{tdt); for each eigenvalue 
A the corresponding subspace Px is finite-dimensional. So the embed- 
ding Pq "-^ Vp/Vo induces an isomorphism on cohomology hence an 
isomorphism of the determinant lines. And the determinant line for Pq 
is trivialized since dimPo < oo. 

Take any u G uj{Fy{K), v{iy) =: £. So = ut^dt, u G K'[[t]Y , 

U — UQ + uit + .., G K\ uq ^ 0. We want to compute = S{F, V)u 
in terms of Vq- 

There is a natural isomorphism of super lines 

(5.3.1) (5,:£,^{d.eiKV^)^'+\ 

Namely, recall that - det(V^, V(r^)°^) = det(VV/Vb, V(r^)°^) 
where t^, :— — u~H~^dt. Let us present V(ti,)°° as a composi- 
tion Vp/Vo ^-^^ Vp/Vo Vp/t-^-^Vo ^ Vp/r^-^Vo ^ Vp/Vo. 
We already trivialized the determinant line of the first operator; that of 
the middle operators is trivialized since they are isomorphisms. Thus 

= det{Vp/Vo,Vp/t''-'Vo,id°^) = (det K))®^+'-'°' 

The r.h.s. of (5.3.1) carries a connection defined by Vq. It yields, via 
Pu, a connection on which we also denote by Vq. 



^'^^So K is the residue of the polar part of V with respect to Vq- 

^'^^The latter ideiitification comes from isomorphisms : fVo/t''~^^Vo Vq. 
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5.4. Proposition. V - Vq = -trK'/xiJ^ti - n{i/2 + l))d\oguo). 

Proof. For i> = t^dt, i.e., u = 1, the formula is clear. Indeed, any 
horizontal vector field 6 commutes with r^, so V(^) acts on the deter- 
minant line of Ti, by transport of structure, and V^(^) coincides with 
this action (see 4.8). 

For arbitrary u notice that the isomorphism P'^Pt'dt '■ ^t'^dt ~^ is 
inverse to the isomorphism a" of (5.1.1) defined by the lattice t~^~^Vo- 
The corresponding form x from 5.1 is {Ttk — n{£ + l))dt/t. Now use 
(5.2.1). □ 

Remark. Choose a /c-structure Vk C Vp such that Vq is the 0-module 
generated by Vk. Let V° be the absolute connection on Vp, Vk' defined 
by Vk, V°{Vk) = 0. Then V - V° = + t'^gdi where rj e Q]^,/^ ® 
EndVK'M], 9 e End\/x4[t]]. Write r] = r]o + r]it + .., g = go + git + .., 
Vi e ® EndVK', gi e EndV^'- Then Vq = Vk', Vq = V° + r^o, 

K = go, so we can rewrite formula 5.4 as 

(5.4.1) - V° = trK'/Kiii + l)Trr7o - (Tr^^o - n{i/2 + l))dloguo). 

5.5. Case of an irregular admissible connection. As above, we 
follow notation from 5.1. 

Suppose that there is an 0-lattice Vq C Vp such that V is m- 
admissible with respect to Vq for some m > 2 (see BE3J). This 
means that the vertical part of V has pole of "exact" order m, i.e., 
t'"V(9t) '■ Vq Vq, and the horizontal part of V has pole of order 
< m — 1. 

Choose a fc-structure Vk C Vp such that Vq is the 0-submodule 
generated by Vk. Let V° be the corresponding absolute connection on 
Vp, V°(Vfc) = 0. Set V - V° = ^ = A + A e nl./^ ® EndV. Write 
At = t~'^gdt, Ax = t^'^^^rf. Admissibility means that g G AutV/4:'[[t]], 
r] e ^]^,ik ® EndV?^'[[t]]. '^o g = go + git + .., r] = 7]o + 7]it + .. where 
gi G EndV;^/, rji G ^^i/k ® EndVx', go is invertible. 

Consider a 1-form u = ut^dt G uj{F)^ , u & O^, and the correspond- 
ing Si, = S{F,Vp)y. We have a natural isomorphism of super fines 



(5.5.1) P^-.S^^idetKiVK'T'^"^ 

similar to (5.3.1). Namely, notice that the operator V(rj,) yields an 
isomorphism Vp/Vo Vp/t~^~"^Vo which trivializes the super line 
det(yp/t~^~"^Vo, Vp/Vo, V(r)°°). Our identification is the composition 
= det{Vp/Vo,Vp/t-'-"'Vo,id'^)-det{Vp/t-'-"'Vo,Vp/Vo,V{T)°-) = 
det{Vp/Vo,Vp/t-'-"^Vo,td^) = {detKiVK')^'-'"'. 
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The /c-structure on Vk' defines an integrable connection on Vk', 
hence on the r.h.s. of (5.5.1). Denote by V° the corresponding connec- 
tion on Si,. 

5.6. Theorem. One has — = trK'/K{<Pi + 02 + ^s) where 0j e 

01 = ResTi{g-^dg A A) - f rflogdet(5o) 

02 = (£ + m)ResTr(A A dt/t) 

03 = n(£/2 + m)d\ogUQ - Res((ilogM A Tr^. 

Proof, (a) By base change we can assume that K' = K , so F = K{(t)). 

(b) It suffices to treat the case of z/ = t^dt. Indeed, the formula 
for arbitrary u follows then from (5.2.1) since (3~^f3tiidt '■ ^t'^dt ~^ Sy is 
inverse to the isomorphism a" of (5.1.1) for the lattice t~^~"*Vo. The 
form X from 5.1 is Tr^ — (-^ + m)ndt/t. We get the term 03. 

(c) Prom now on i/ = t^dt. Set h := l + t'^g-'^V^{dt) G GL(yp). Our 
El, is the determinant line of the invertible operator 

(5.6.1) V(r,) = r^-'^gh 

acting on a Tate vector space Vp — V/^((t)). Notice that both 
factors g and h preserve the lattice Vq, so we have g :— Sy^lg), 
h := s^^{h) e F^^^ (see (2.13.3)). The operator t is defined over k, i.e., 

t e GL(\4((t))) cGL{VK{m- Let t G GL^(\4((t))) C GL\VK{m 
be any lifting of t which is also defined over k. So we have 

(5.6.2) {-^-""fh e 

It follows from the construction of that 

(5.6.3) Vlii-^-'^gh) = 0. 

It remains to compute := log{t~^~"^gh) G ^^/i^- 

(d) Since Ti, is preserved by the action of horizontal vector fields our 
coincides with the V-action of horizontal vector fields (see 4.8). 

Explicitly, for 9 e Qk C ©f the infinitesimal automorphism 1 + 
eV(^) acts on the Tate Ti'-vector space F = K{{t)) hence on GL(Vp) 
and its super extension GL''(F). This action fixes V(ri^) G GL(\/p); 
the action on its super line C GL^(Vp) is r i-^ r + e'V'^{6)r. 

Notice that the V-action of horizontal vector fields preserves, in fact, 
both t and gh G GL(yF). So (l + eV(^))r^-"* = (l + e02(^))r^~"' and 
(1 + eV{e)){gh) = (1 + e4>i{e))gh for some 0i(^) G X C 0((Vf). Thus 

(5.6.4) = 01 + 02- 
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We will compute (f)i separately: 

(e) Since V°(^)t = one has 1 + e02(^) = Adi+,^,(e)(r'^-"^)/r^-'" 
or (j)2{0) = -{i + m){A^{ef - AdiA^ief ) where A^{ef is any hfting 
of A^ie) e EndF(yF) C qi{Vf) to qI\Vf). By (3.1.6), 3.3(iii) one has 
(f)^(0) = {£ + m)ResTr{A:,{e)dt/t) or 

(5.6.5) 02 = (£ + m)ResTr(A A dt/t). 

(f) Since V°(6l)(Vb) C Vq the action of 1 + eV°(6') preserves the 
subgroup GL(Vp, Vq) C GL(yp) and commutes with Sy^^ (see (2.13.3)). 
The adjoint action of 1 + eAx{0) does not have this property. However 
it sends both g and h to GL(Vf, Vq): this is clear for h, and for g you 
notice that, due to integr ability of V, one has 

(5.6.6) [AM, 9] = tdtivie)) - (m - l)r)ie) - e{g) e EndVK[[t]]. 

So Adi+e^40)^ = (1 + e0'(^))sy^(Adi+e^4e)5) for certain (/)'(^) e K. 
We have defined 0' e ^^/fc! replacing g by h we get 0" e 

We see that (1 + eV(6'))^ = (1 + e0'(6'))s^^(Adi+eV(0)fi'); same for g 
replaced by h and 0' by 0". The product of these identities gives 

(5.6.7) 01 = 0' + 0". 

(g) Let us rewrite 0', 0" in the following general manner: 
Assume we have a G qI{Vf) and q G GL(Vf) such that q{Vo) = Vq 

and [a, g](Vo) C Vq- Set 6 := a — Ad^a, := a" — Ad^a^ where 
a!' G 0[^(Vf) is any hfting of a. Notice that fc'' is well-defined and 
b{Vo) C Vo. Set c(a, q) := 6^ - eK G d^Vp). We have 

(5.6.8) 0'(e) = c(A(^),5), 0"(^) = c{AM: h). 
The following simple lemma helps to compute c: 

Lemma. c(a, g') = Tr(Vo, (a" — Adga'*)|vb) where a" G 0t(VF) is any 
endomorphism with open kernel such that (a — a^){Vo) C Vq- 

Proof of Lemma. Notice that c{a,q) vanishes if a(Vb) C Vo.^°^ So 
we can assume that a = a". Then & = S(i{b) (see the end of 2.13), 
and we are done since sj) — Sy^b — Tr(Vo, fe|vb) every b G gliVp) fl 
qKVf,Vo). □ 

To compute 0', 0" we apply the lemma to q = g,h and a" = ^^rll 
where 11 : Vp ^ Vp is a projector with kernel i"^~^Vx[M] and image 

(h) Let us begin with 0'. One has 0' = Tr(Vo)'42:n — gAx^g~^) = 
Tr(Vb, (A - gAxg~')U) + Tr(Vb, ^?A(^?-^n - Ug-')). 
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i.e., it does not depend on the choice of a . 
^^"^To see this consider a" = Sy^a. 
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The first summand vanishes. Indeed, B := Ax—gAxQ ^ G EndV^fft]]; 
our summand is (m - l)Tr(So). But Tr(So) = (TrS)o, and TrS = 0. 

The second summand can be rewritten as Tr(Vo, Axg~^ ij^g — gTl)) = 
— Tr(Vo, Axg^^i^ — TVjgTl). An immediate calculation identifies it with 
—'ResTiF{,gdt{Axg~^)) = —^eiiTiF{,Axg~^dtg) = ResTi F{g~^dtg A Ax)- 

One has 0" = Tr(Vb, AH - hAxIlh'^) = -TT{Vo,t"'g~^dtAxIl) = 
m(Tn-i) rj^^-i^^^ follows from (5.6.6)^°^ it equals —^Trgg^dgo = 
-f(ilog(det^o). So, by (5.6.7), 

(5.6.9) 01 = ResTr F(g-^dtg A Ax) - -d\og(detgo). 

We are done. □ 



5.7. Example. Suppose that our {Vf, V) is such that the correspond- 
ing relative connection V/_ft: is a successive extension of a single irregular 
relative connection {Lfj'V /k) of rank 1. 

Let us show that (Vf, V) is admissible. We need to construct an 
O-lattice Vb C Vf as in 5.5. Notice that the relative connection on 
L can be extended to an absolute integrable connection so that L*^" 
is isomorphic to det V as lines with absolute connection. Set P : = 
V <^ L^^. As a relative connection our P is a successive extension of 
trivial connections. There is a unique O-lattice Pq C P preserved 
by V{tdt) and such that V(tdt) acts on the fiber Pq := Po/tPo as 
a nilpotent matrix. Our Pq is automatically preserved by horizontal 
vector fields. Set Vq '■= Pq ® Lq C V where Lq C L is any O-lattice. 

To check the conditions from 5.5 choose a /c-structure in Vq- Let 
V° be the corresponding connection, so V — V° -|- ^ -|- Ax- Then 
At = fdt/f^ + hdt/t where f e O"" , h = ho + hit + .., hi e iT'^EndVfc, 
ho is nilpotent, and Ax = dgf^ + ag+it^"*"^ + .., G ® EndVfc, 

Gq ^ 0. We want to show that q > —m. Indeed, if g < —m then the 
integrability condition implies that qaq + [ho, Og] = which contradicts 
nilpotency of ho- 

5.8. Lemma. There is an isomorphism of super lines with connection 

(5.8.1) £{F,V) ^ £{F,L)^'' 

where L is the F-line with an absolute connection defined above. 



l°^Indeed, by (5.6.6) one has {A^-gA^g = -((m - 1)% + c?x5o)5o ^- Hence 
Tr((m-l)r/o + dx5o)%^) = 0. 
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Proof. A straightforward comparison of formula 5.6 for both parts of 
(5.8.1) (notice that the term Tr(/ioOi_rn) for Lh.s. vanishes since ai^rn 
is a scalar matrix^°^ and ho is nilpotent) . □ 



5.9. A general digression. In the next subsection we will show that 
computation of S^, for arbitrary (Vp, V) can be reduced, in principle, 
to the situation of 5.7. Before doing this let us hst some (well-known) 
general properties of connections on F = K{{t)). For a X-relative 
connection (V, V/^) we denote by H'^f^{V) the de Rham cohomology. 

(a) For every (V, V/x) as above H^ji{V) is the space of horizontal 
morphisms F ^ V, and H^ji{V) is dual to the space of horizontal 
morphisms V ^ F. 

Some immediate corollaries: 

(i) If {Vj'V /k) is a non-trivial irreducible relative connection then 
H-^^{V) = 0. For the trivial connection F = (F, Vj^) one has H^r{F) = 

HUF) = F. 

(ii) For arbitrary (V^, V/x) the Eulcr characteristic XdniV) vanishes. 

(iii) Since Ext'{V,V') = H'^j^{Hom{V,V')) we see that every inde- 
composable^^''' V — {V,W /k) is isomorphic to F*'"'' (8) F^") where V^^^ 
is an irreducible relative connection and F*^"^ is the nilpotent Jordan 
block of length n}^^ 

In particular, every V = {VjV /k) admits a canonical decomposition 
by V /K-isotypical components 



(5.9.1) V = ®V^. 

This decomposition is labeled by isomorphism classes of relative irre- 
ducible connections L and characterized by property that every irre- 
ducible subquotient of V'" is isomorphic to L. 

(iv) The Z-gradcd super line deti7^^(y) is canonically trivialized. 

This trivialization is uniquely characterized by two properties: it is 
compatible with exact sequences of l^, and for irreducible V it comes 
from (i) above. Here is a construction. 



^''^Indeed, one has [/ig, ai-m] — {m ~ l)ai_„i + d^fo due to integrability. Since 
ho is nilpotent this imphes that ai-^ = (1 — m)~^dxfo- 

''^'^^i.e., V cannot be represented as a direct sum of connections of smaller rank. 

^°^i.e., is the connection V/^ on with V/^f - V^^ = dt/t- the nilpotent 
Jordan block of length n. 

lOQrpj^g argument below works also in case when our base ring is an arbitrary 
Artinian algebra. 
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By (iii) V splits canonically into a direct sum V = (BV^^"" where 
^™ is the V/ft-isotypical component of the trivial connection in V. By 
(i) one has H.^iV^ = H,^{V). 

There is a unique i^'fftJJ-sublattice V^" C V"" preserved by V{tdt) 
and such that the operator n induced by V{tdt) on the fiber V^"" : = 
Vq^ /tVo^ is nilpotent. The de Rham complex V^"" ^ uj ® V^"" is 
quasiisomorphic to its logarithmic subcomplex^^° Vq" t^oiog ® Vq"'. 
The latter projects quasiisomorphically^^^ to the complex V^'^ V^"^ 
whose determinant is det V^""/ det V^"" = K. This is our trivialization. 

Remark. If V /k comes from an absolute connection then our trivi- 
alization is horizontal with respect to the GauB-Manin connection. 

(b) Let F'/F be a finite extension, Vp = (Vp, V/i^) a relative con- 
nection on F. 

(i) Vp is semi-simple if and only if its pull-back Vp' to F' is semi- 
simple. 

Indeed, to see that the pull-back of an irreducible Vp is semi-simple 
notice that the maximal semi-simple subobject of Vpr descends to a 
subobject of Vp, hence it equals Vp/. The rest follows from (a) (iii). 

(ii) If Vp is irreducible and Vp' is a direct sum of several copies of 
the same rank 1 connection Lp/ then Vp has rank 1. 

Indeed, the class of Lp/ is G'a/(F'/F)-invariant, hence Lpi comes 
from a line with connection Lp on F}^"^ Replacing Vp hy Vp Lp^ 
we are reduced to the situation when Lpr is a trivial connection. Then 
Vp has regular singularities and all eigenvalues of V/xitdt) are in Q. 
Every irreducible connection with these properties has rank 1. 

(c) If (Vp,V/x) is irreducible then one can find a finite extension 
F'/F such that the pull-back Vp' of Vp to F' is isomorphic to a direct 
sum of connections of rank 1. 

Indeed, we have the desired decomposition over F" = K{(t^^^)), 
where K is an algebraic closure of K, due to the Levelt-Turritin the- 
orem (see e.g. fM] 111(1.2)) and (b)(i). It is defined over some F' = 
K'{{t}/^)), K' a finite extension of K, for the following reason. First, 
the rank 1 connections Lpn that occur in the Levelt-Turritin decompo- 
sition are defined over some F' as above. Since F" ® Hom(Li?/, Vpi) ^ 
Hom(Li7", Vf"), one has ® Lpi ® Hom(Li7', Vpi) — > Vpi. 



l^°Here woiog = t-^K[[t\]dt C lo. 

ll^By the projections V^^" -> Vq"", Res -.ujo^ K. 

^ ^^Isomorphism classes of hnes with connection on F' form the group 
uj{F')/d\og{F"^) = {uj{F')/uj{0'))/Z. Every Galois invariant there lifts to the 
one in lo{F'), i.e., comes from lo{F). 
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(d) Now let Vp be an F-vcctor space equipped with an absolute in- 
tegrable connection V; denote by V/^- the corresponding relative con- 
nection. Let Vp = ®Vp be a decomposition which is V/i^-horizontal. 
Assume that for every ^ there is no non-trivial V //^-horizontal 
morphisms Vp — Vp . Then our decomposition is V-horizontal.^^^ 

Therefore for every {Vp, V) the decomposition (5.9.1) by V/ii:-isotypical 
components is V-horizontal. Thus every indecomposable (Vp, V) is 
V /if-isotypical. 

5.10. A reduction to the rank 1 case. We use the notation from 
5.1, so F^K'{{t)), etc. 

Let us show that computation of the s-connection for arbitrary {Vp, V) 
can be reduced, in principle, to the situation considered in 5.7, hence, 
by (5.8.1), to the rank 1 situation. Due to the multiplicativity prop- 
erty of £ we can, and will, assume that {Vp, V) is indecomposable. 
Furthemore, we assume that V does not have regular singularities (as 
a relative connection, see 5.3). 

Proposition. For such (Vp, V) there exists a finite extension F'/F 
such that (Vp, V) is isomorphic to the push-forward of a connection 
(V^/, V) on SpccF' of type considered in 5.7. 

One has 8{F,Vp)u = S{F',VI„)^ by (4.9.4); this is the promised 
reduction. 

Proof. Below, as in 5.9, we denote by V/x the relative connection that 
corresponds to V (the vertical part of V). 

By 5.9 (d) (V, V ^k) is V/x-isotypical. By 5.9 (c) applied to the irre- 
ducible constituent of (V, V/i^) there is a finite Galois covering F"/F 
such that every irreducible subqoutient of (Vp", V/x) has rank 1. Con- 
sider the V/ii:-isotypical decomposition Vp>i — ®Vp„; its components 
are labeled by irreducible L = (Lp//, V/ii-)'s of rank 1. 

The Galois group Gal{F" / F) action on Vprr permutes components 
Vp„. The action on the set of components is transitive since Vp is 
indecomposable. 

Pick one of L's that occur in our decomposition; denote Vp„ by 
Vp„ and its connection by V. Let F' C F" be the invariant field 
of the stabilizer of Vp„ in Gal{F" / F). We get an F'- vector space 
Vp, (Ip//)'^""-^ •* with connection V'. Its push-forward to F is 
identified with (Vp, V) in the obvious way. Thus {Vp,, V) is indecom- 
posable, hence V/ft:-isotypical. By 5.9 (b)(ii) applied to the irreducible 

^^^Indeed, for every horizontal vector field 6 the (a, Q;')-component of V(0) is a 
V /x-horizontal morphism Vp — > Vp . 
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constituent of {Vp,, Vy^) our {Vp,, V) is of type considered in 5.7. We 
are done. □ 
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